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Discrete Element Method (DEM) was proposed by Cundall and Strack
(1979) and gained traction in the field of powder engineering during the
late 1980s. In the 1990s, various applications of DEM were conducted
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1. Introduction

The authors have been engaged in the modeling and nu-
merical simulation of gas—solid two-phase flows as well as
gas—liquid—solid three-phase flows in the presence of parti-
cle interactions. This review presents the authors’ contribu-
tions to the development of numerical models and
simulations.

The numerical models for granular materials are classi-
fied into two categories: discrete particle models and con-
tinuum models (see Section 2.2 for a detailed description).
The authors have made pioneering contributions to discrete
particle modeling and simulations involving particle inter-
actions. In the field of gas—solid flows, until the mid-1980s,
there had been few studies of particle collisions in numeri-
cal simulations using discrete particle models for relatively
dilute gas—solid two-phase flows, such as low concentra-
tion fast transport in pneumatic conveying. Subsequently,
Tanaka et al. (1990) and Tanaka and Tsuji (1991) proposed
a methodology for the identification and incorporation of
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particle—particle collisions within numerical simulations to
facilitate a more profound comprehension and elucidation
of the dynamics of particle motion within a vertical pipe, as
well as to reproduce the particle velocity and concentration
distributions measured in their experiments (Tanaka et al.,
1989). Subsequently, the proposed methodology was ap-
plied to a diverse array of flows.

Discrete Element Method (DEM) (Cundall and Strack,
1979) was successfully applied to the numerical simulation
of plug flow in a horizontal pipe (Tanaka et al., 1991a; Tsuji
et al., 1992), where the particle—particle interaction cannot
be modeled by particle collisions. Subsequently, the DEM—
CFD method was proposed as a means to simulate the flu-
idized behavior of a two-dimensional gas-fluidized bed
(Kawaguchi et al., 1992; Tanaka et al., 1993; Tsuji et al.,
1993). The proposed method allowed the numerical predic-
tion of general dense gas—solid two-phase flows as well as
gas—liquid—solid three-phase flows and was subsequently
extended to various broad applications.

DEM, first proposed in 1979, gained traction in the field
of powder engineering during the late 1980s. In the 1990s,
various applications of DEM were conducted in the powder
technology field, and the capability of DEM for predicting
powder behavior was acknowledged. In subsequent de-
cades, namely, the 2000s and 2010s, advancements in
computing technology and the widespread availability of
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general-purpose software led to the broad adoption of nu-
merical simulation as a standard tool in industrial applica-
tions.

The DEM is a numerical method that tracks the motion
of individual particles. It is classified as a discrete particle
model in which particle—particle interactions are repre-
sented by contact forces. The proposed method is often
considered universally applicable because it covers a wide
range of particle interactions, from collisions to contact.
However, depending on the target powder/particle behav-
ior, the particle—particle interactions within it may be
dominated by collisions or persistent contact, and the con-
ditions required for the DEM contact force model are dif-
ferent in each case.

This article reviews the development of discrete particle
models and simulation methods for granular flow predic-
tion, which were carried out by the authors. This review is
intended to support future developments in DEM modeling
and simulation methods.

2. Model classification

In this chapter, a classification of mathematical models
of fluid—solid multiphase flows is presented. Section 2.1
proposes a classification of models for granular media
based on the spatial resolution relative to the particle scale.
These models are divided into two categories: discrete
particle models and continuum models.
Section 2.2 focuses on models for fluid media, which are
categorized into two types: locally averaged flow models
and particle-resolved flow models. The discrete particle
models are further classified into two distinct types: colli-
sion models and contact models. The collision model as-
sumes that a particle is modeled as a hard particle that
interacts with another particle through collisions, whereas
the contact model assumes that a particle is modeled as an
elastic particle that interacts with other particles through
contacts.

In contrast,

2.1 Continuum and discrete particle models
As illustrated in Fig. 1, mathematical models of solid
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Fig. 1 Classification of numerical models for solid and fluid phase.

and fluid phases can be classified based on their spatial
resolution. These models are primarily divided into two
categories: macroscopic and microscopic. The microscopic
category includes discrete particle models that focus on and
track the motion of individual particles from a microscopic
perspective. In contrast, the continuum model represents a
group of particles as a continuum from a macroscopic per-
spective in comparison to the scale of individual particles.
With regard to the fluid phase, the microscopic flow model
is the one that satisfies the non-slip boundary condition at
the surface of individual particles and resolves the flow
between particles, namely, Direct Numerical Simulation
(DNS) or particle-resolved simulation. In contrast, the lo-
cal mean flow model deals with the flow field of a fluid that
is locally volume-averaged on a scale larger than the parti-
cle size. The characteristics of each model are illustrated in
Fig. 1. The basic equations for the two-fluid model, which
couples the continuum model for the granular medium with
the locally averaged flow model for the fluid medium, were
derived by Anderson and Jackson (1967).

The discrete particle model can be coupled with either
locally averaged or particle-resolved flow of the fluid
phase. In some cases, the effects such as liquid bridge or
lubrication—arising from the presence of liquid in narrow
gaps between particles—are not directly resolved, but are
modeled even in particle-resolved simulations.

With regard to particle models, discrete particle models
hold significant value due to their ability to straightfor-
wardly introduce the influence of various factors at the
particle motion level. These factors include size distribu-
tion, particle shape, adhesion, liquid addition, and lubrica-
tion. This feature enables the direct determination of
phenomena, such as particle mixing, diffusion, and segre-
gation, without the necessity for additional models. How-
ever, it should be noted that as the number of particles
handled increases, the computational load also increases.
In contrast, the continuum model has the advantage that the
computational load is not dependent on the number of par-
ticles. However, the advantages of the discrete particle
model described above are lost in the continuum approach.

2.2 Collision model vs. contact model

Discrete particle models are generally classified into two
categories: rigid and elastic particle models, as illustrated
in Fig. 2. In rigid particle models, particle—particle or parti-
cle-wall interactions are modeled as collisions. Conversely,
in elastic particle models, these interactions are modeled as
contacts. The rigid particle model can be regarded as a
collision model, whereas the elastic particle model can be
considered a contact model. The rigid particle model disre-
gards the time required for collisions and does not account
for many-body collisions. In contrast, elastic particle mod-
els represent collisions by momentum exchange due to
contact forces for a finite time and can represent
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Fig.2 Classification of discrete-particle models from the viewpoint of
particle—particle interaction.

many-body collisions and persistent contact. The particle
models used in the discrete element method are classified
as elastic particle models.

3. Development in collision model

This chapter is devoted to presenting the development of
numerical methods and simulations in intermediate con-
centration flows where the particle—particle collision plays
an important role in the behavior of particles.

In the late 1980s, the challenge of numerical simulation
of gas—solid two-phase flows began (Crowe, 1982; Crowe
et al.,, 1977; Tsuji et al., 1987b). The advent of discrete
particle simulations with two-way coupling of dilute gas—
solid two-phase flows can be traced back to the Particle-
Source-In Cell (PSI Cell) model pioneered by Crowe et al.
(1977). The PSI Cell model maps the momentum exchange
between the particle and fluid to the fluid computational
cell containing the particle, thereby allowing a two-way
calculation that takes into account the interaction between
the two phases.

Tsuji et al. (1987a, b) performed discrete particle simula-
tions of gas—solid two-phase flows in a horizontal channel
(Tsuji et al., 1987b) and a gas—solid two-phase jet (Tsuji et
al., 1987a). They assumed massive particles for which dif-
fusion is not controlled by fluid turbulence because of their
large inertia. The irregular bouncing model proposed by
Tsuji et al. (1987b) for flow in a horizontal channel aimed
to maintain particle suspension; however, it could not qual-
itatively reproduce the distributions of particle velocity and
concentration measured in a horizontal pipe by Morikawa
et al. (1985). Although they pointed out the possibility of
the effects of particle—particle collisions, there were few
discrete particle simulations with particle—particle colli-
sions at the time. The majority of research interest in dis-
crete particle simulations at that time focused on the
interaction between gas turbulence and particles (Gore and
Crowe, 1989; Hetsroni, 1989).

3.1 Deterministic method

In their seminal work (Tanaka et al., 1990; Tanaka and
Tsuji, 1991), Tanaka and colleagues pioneered a discrete
particle simulation of gas—solid two-phase flow with parti-

cle—particle collisions in a vertical pipe. In this ground-
breaking study, the deterministic method was employed to
treat particle—particle collisions, marking a significant ad-
vancement in the field. The equations of motion for indi-
vidual particles were numerically integrated at each time
step to update the position, velocity, and angular velocity.
To ensure the accuracy of the simulation, the time step, A¢,
must be set sufficiently small compared to the mean free
time for particle—particle collisions. The occurrence of a
particle—particle collision is detected based on the intersec-
tion of the trajectories of the relative motions of the indi-
vidual particles during the time progression of Az. In the
event of a collision, the velocity and subsequent angular
velocity are determined based on the equation of motion
for impact. The position of the collision is determined by
accounting for the change in trajectory resulting from the
collision.

The employment of this deterministic method results in
an increase in computational time for detecting particle—
particle collisions that is proportional to the square of the
number of particles, in the absence of appropriate computa-
tional load reduction methods. To address this issue, the
cell registration method was employed, which involved
dividing the calculation domain into smaller cubic cells,
where each cell was smaller than the mean free path of the
particles. In this method, each particle in the simulation is
assigned to a cell in which it is contained. The detection of
colliding particles is not applied to all particle combina-
tions; rather, it is applied to the particles in neighboring
cells. Prior to the proposal of this method, no well-defined
method was available for calculating particle collisions,
and this method remains a widely used approach. The par-
ticle velocity and concentration distributions for gas—solid
two-phase flow in a vertical pipe calculated using the deter-
ministic method are shown in Fig. 3. As the particle con-
centration increases, the particle concentration distribution
becomes more uniform because of the particle diffusion
caused by inter-particle collisions, and the results are con-
sistent with the experimental observations.

Subsequently, deterministic calculations of particle—
particle collisions were employed to investigate the impact
of particle collisions in gas—solid two-phase turbulence in
vertical channels (Yamamoto et al., 2001) (Fig. 4) and in
rotating turbulent channel flows (Pan et al., 2000, 2001,
2002). Additionally, the formation of clusters in gas—solid
two-phase flows with intermediate concentrations observed
in the riser of a circulating fluidized bed (Tsuji et al.,
2008a) was also investigated (Fig. 5).

3.2 Stochastic method

The deterministic method is accurate; however, it re-
quires a significant amount of computational time to deter-
mine whether each particle collides with all of its possible
neighbors. Stochastic methods are available to reduce this
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Fig.3 Particle concentration distribution was predicted using the de-
terministic method (comparison with experiment) (Tanaka and Tsuji,
1991).

Fig. 4 Effect of Stokes number on the instantaneous particle distribu-
tion in the gas—solid turbulent flow in vertical channel. Reprinted from
Ref. (Yamamoto et al., 2001). Copyright (2001), with permission from
Cambridge University Press.

computational burden. As a probabilistic method, we pro-
posed applying the Direct Simulation Monte Carlo method
(DSMC method), which is used to calculate the molecular
motion of dilute gases (Bird, 1994; Nanbu, 1980), to parti-
cle—particle collisions. The collision probability of a mole-

(b) 3D structure

(a) on vertical plane

Fig. 5 3D structure of particle clusters. Reprinted from Ref. (Tsuji et
al., 2008a). Copyright (2008), with permission from Elsevier.
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Fig. 6 Comparison between the results of the deterministic and DSMC
methods (Tanaka et al., 1991b). VT,Z: average particle velocity in the
vertical direction, \/E s \/v:I§t : fluctuation particle velocities in the verti-
cal and transverse directions, respectively.

cule can be given by the velocity distribution function in
the vicinity of the molecule. The Monte Carlo method,
which involves calculating the collision probability based
on the velocity distribution function of the sample mole-
cules assuming the number density of molecules in the
population and performing a random dice roll based on this
probability, is employed to determine whether there is a
collision and to identify the collision pair.

The DSMC method was demonstrated to be effective for
representing the flow within a vertical pipe, as illustrated in
Fig. 6 (Tanaka et al., 1991b). This method has also been
shown to be capable of predicting cluster formation in the
riser of a circulating fluidized bed (Tanaka et al., 1995,
1996).

4. Contact force model of the DEM

The contact force model of the DEM, a typical elastic
particle model, is depicted in Fig. 7. The model can be
broadly classified into two categories: (1) a linear model
that employs linear springs and dashpots, and (2) a nonlin-
ear model that uses a theoretical solution based on the
contact theory of isotropic elastic bodies. According to
Hertz’s contact theory (Johnson, 1985), the normal elastic
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Fig. 7 Contact force model of Discrete Element Method.

repulsive force f, of two spherical particles is given by

3
fon = Kn02 (1
_ 2aE
Ky —m 2)

where, in the context of spherical particles of uniform ma-
terial and diameter, a is the particle radius, J,, the normal
deformation, E, the Young’s modulus, and o, the Poisson’s
ratio. As illustrated in Eqn. (1), the relationship between
the elastic repulsive force, f,, and the deformation, J,, of
the spherical particles is not linear.

DEM was employed to reproduce the behavior of a plug
in a horizontal pipe numerically (Tanaka et al., 1991b; Tsuji
et al., 1992). In the original DEM paper by Cundall and
Strack, a linear model was used as the contact force model.
However, the dependence of the phenomenon on the con-
tact force model was not clear at the time, so a more physi-
cally rigorous Hertz-Mindlin model (Johnson, 1985;
Mindlin, 1949; Mindlin and Deresiewicz, 1953) was used.
The elastic repulsive force can be determined from the
physical properties of the particles, such as Young’s modu-
lus and Poisson’s ratio. A key issue is how to provide vis-
cous damping by dashpots. The following model for
viscous damping, which is entirely original, was con-
structed on the basis of theoretical considerations (Tanaka
et al., 1991b; Tsuji et al., 1992):

1
an = oNmic, 5n4 5n (3)

The parameter a, which is a model parameter, has a rela-
tionship with the repulsion coefficient e, as illustrated in
Fig. 8. In other words, the proposed model allows the re-
pulsion coefficient of a particle to be set arbitrarily. The
viscous damping force model defined by Eqn. (3) was de-
veloped not from the physics of the contact of elastic
spheres but from the viewpoint of easy control of the repul-
sive properties of particles. This contact force model was
employed in the simulation of plug flow in a horizontal
pipe, and the results are presented in Fig. 9.

a

Fig. 8 Relationship between parameter a and restitution coefficient e.
Reprinted from Ref. (Tsuji et al., 1992). Copyright (1992), with permis-
sion from Elsevier.

(b) Results

Fig. 9 DEM-Fluid coupling simulation of horizontal plug flow. Re-
printed from Ref. (Tsuji et al., 1992). Copyright (1992), with permission
from Elsevier.

5. DEM-CFD coupling model
5.1 Modeling horizontal plug flow

The study of plug flow in a horizontal pipe (Tanaka et al.,
1991b; Tsuji et al., 1992) is the world’s first numerical
simulation to combine DEM and CFD. As shown in
Fig. 9(b), the plug flow in a horizontal pipe consists of a
region in which the horizontal pipe is divided into (1) a
particle-deposition layer at the bottom and an empty chan-
nel at the top, and (2) a plug region where the entire
cross-section is filled with particles. The pipe was divided
into small regions, as shown in Fig. 9(a). The fluid flow
and the fluid forces acting on the particles are obtained by
a parallel channel model, which applies the Ergun equation
(Ergun, 1952) to the particle-deposition layer and assumes
the frictional resistance of the pipe in the empty channel
section. The flow patterns obtained are in good agreement


https://doi.org/10.14356/kona.2026015

Toshitsugu Tanaka et al. / KONA Powder and Particle Journal No. 43 (2026) 3-21

with experimental results (Tsuji and Asano, 1990) in terms
of the thickness of the particle-deposition layer and the
movement velocity of the plug flow.

5.2 DEM-CFD coupling simulation of the
fluidized bed

The fluid flow calculation and DEM coupling model de-
scribed in Section 5.1 are specific to the plug flow in a
horizontal pipe. The DEM—CFD coupling model was de-
veloped to calculate the coupled flow of a fluid flow with a
generalized group of highly concentrated particles
(Kawaguchi et al., 1992; Tsuji et al., 1993). This allows the
numerical prediction of the fluidized behavior of dense
particles in a fluidized bed.

The fundamental equation for fluid flow was taken from
the two-fluid model (TFM) proposed by Anderson and
Jackson (1967) and applied to a spatial scale beyond the
particle size by local volume averaging. The Ergun equa-
tion (Ergun, 1952) for the high-concentration region and
the Wen-Yu equation (1966) for the moderately dense re-
gion were adopted as models for the momentum exchange
between particles and fluid due to the fluid force. These
equations were previously used in the two-fluid model for
fluidized beds (Bouillard et al., 1989). The bubbling fluid-
ization patterns obtained from the calculations were com-
pared with those from the validation experiments, as shown
in Fig. 10. The simulated bubbling fluidization patterns
agreed well with the experimental results, including the
bubble generation period and rise rate. The above simula-
tion of bubble formation was performed under the central
gas injection condition. As shown in Fig. 11, using the
DEM-CFD coupling model, bubble formation under uni-
form gas injection conditions was predicted by Tanaka et
al. (1993).

In the numerical simulation of fluidization behavior us-
ing the DEM—CFD coupling model presented here, a linear
model was used as the contact force model between parti-
cles, and the spring constant was reduced to lower the

Time (s) 0.15 0.30 0.45

(a) Simulation (b) Experiment

Fig. 10 Bubbling fluidized pattern simulated by DEM—CFD coupling
model with the central gas injection. (a) is reprinted from (Tsuji et al.,
1993). Copyright (1993), with permission from Elsevier, and (b) is re-
printed from (Kawaguchi, 2003).

computational load. This was investigated by Kawaguchi
(2003), who found that the calculation results were largely
unaffected by the contact force model and the spring con-
stant with respect to the bubbling fluidized behavior. As
described in Chapter 6, most non-cohesive particles in a
fluidized state are subject to a collision-dominated flow in
which they interact through collisions. Consequently, these
particles are in a kinetic state that can be adequately repre-
sented by a rigid particle model. This implies that the cal-
culation results are independent of the contact force model,
provided that the collision characteristics, such as the resti-
tution coefficient, remain constant.

The DEM—CFD model has been applied to a two-
dimensional fluidized bed with inserted baffles (Kawaguchi
et al., 1998), a two-dimensional pulsating fluidized bed
(Miyoshi et al., 2000), density wave formation in dense
gas—solid flows in a vertical pipe (Kawaguchi et al.,
2000b), quasi-three-dimensional numerical simulation of
spouted beds in a cylinder (Kawaguchi et al., 2000a)
(Fig. 12), and a fluidized bed containing Geldart-A parti-
cles (Kobayashi et al., 2011). Gera et al. (1998) performed
numerical simulations of fluidized beds using both DEM—
CFD and TFM to compare the behavior of a single rising
bubble. The results showed that DEM—CFD was more ac-
curate than TFM in predicting bubble shape, rising veloc-
ity, and void distribution.

6. Modeling of DEM simulations
6.1 Dynamic adhesion force model

In Section 5.2, it was stated that particles in a fluidized
state are in a collision-dominated flow state, with relatively
little influence from contact force models and spring con-
stant dependence. However, DEM—CFD simulations of a
fluidized bed of small particles (Geldart-A particles), where
the influence of adhesion due to van der Waals forces is
evident, show that the calculated results are significantly
dependent on the spring constant, as shown in Fig. 13
(Kobayashi et al., 2013). In particular, the smaller the
spring constant, the more pronounced the adhesion effect
becomes.

e

Time (s) 0.4 0.6 1.0 1.4

Fig. 11 Bubbling fluidized pattern simulated by DEM—CFD coupling
model with uniform gas inflow. Reprinted from Ref. (Tanaka et al.,
1993). Copyright (1993), with permission from World Scientific Publish-
ing Co.
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Fig. 12 Particle velocity distribution in the spouted bed predicted by
the quasi-three-dimensional simulation.
(Kawaguchi et al., 2000a). Copyright (2000), with permission from

Elsevier.

Reprinted from Ref.

Exp. k=10 N/m

k=100 N/m k=1000 N/m k=10000 N/m

Fig. 13  Effect of spring constant on fluidized cohesive particle pattern.
Reprinted from Ref. (Kobayashi et al., 2013). Copyright (2013), with
permission from Elsevier.

Kobayashi et al. (2013) theoretically derived the depen-
dence of the critical collision velocity, defined as the maxi-
mum collision velocity that exhibits adhesion without
repulsion, on the spring constant. The function is given by
the following equation:

FAD

NP 4

where, v_ is the critical collision velocity, F,,, adhesion
force, m, particle mass, and k, normal spring constant.
Based on this relationship, they proposed the dynamic ad-
hesion force model (DAFM), where the adhesion force
used in the simulation is modified so as to keep the critical
collision velocity constant according to the reduced spring
constant used in the simulation.

Fig. 14 shows the relationship between the restitution
coefficient and the collision velocity under the influence of
the cohesion force (Tanaka et al., 2024). When the spring
constant is reduced by a factor of 102 from the original
condition without changing the adhesion force, the critical
collision velocity is overestimated by a factor of 10. In
contrast, the DAFM expressed the relationship well for the
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Collision velocity [m/s]

Fig. 14 Relationship between collision velocity and restitution coeffi-
cient. Reprinted from Ref. (Tanaka et al., 2024) under the terms of the
CC BY-NC-ND 4.0 license.

(@) k=10N/m  (b) k=100 N/m (c) k=1000 N/m (d) k=7000 N/m
Fig. 15 Fluidized pattern and coordination number distribution pre-

dicted by the dynamic adhesion force model. Reprinted from Ref.
(Kobayashi et al.,, 2013). Copyright (2013), with permission from
Elsevier.

original condition.

The predicted results of the bubbling fluidized behavior
by using DAFM are shown in Fig. 15 (Kobayashi et al.,
2013). The color of the particle indicates the coordination
number, which is the instantaneous number of particles in
contact. The coordination number of most particles is zero,
which indicates that inter-particle collision interactions
dominate. A group of particles with a large coordination
number forms an agglomerate. The figure shows that
DAFM well expresses the effect of adhesion force on ag-
gregation formation in the fluidized bed of Geldart-A parti-
cles.

From the above description in this section and the results
shown in Figs. 14 and 15, it is clear that the DAFM can
effectively represent the collision behavior of particles near
the critical collision velocity. However, it is not clear
whether the model can accurately represent the dynamics
in the state where particle agglomeration has developed
(i.e., contact-dominated flow). Therefore, to investigate the
effectiveness of DAFM in contact-dominated flow, a nu-
merical simulation of the simple shear flow of cohesive
particles was performed (Tanaka T. et al., 2024).

Fig. 16 plots the relationship between the shear rate and
shear stress obtained from the simulations. The simulations
were performed using the Lees-Edwards shear period
boundary in a two-dimensional calculation with a single
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layer of particles. In the high shear-rate regime, the
particle—particle interaction is collision-dominated, and the
shear stress is proportional to the shear rate. In the low
shear-rate region, all particles agglomerate to form large
aggregates, and the particle—particle interaction is domi-
nated by contact forces. As shown in the figure, the DAFM
accurately represents the cohesive nature of the original
system with respect to the fluid-to-solid phase transition of
the granular medium due to a reduction in the shear rate, as
well as the shear stress of the granular medium, except in
the case of the maximum reduction in the spring constant.
Fig. 17 compares the time evolution of the granular
structure under low shear-rate conditions. The DAFM ac-
curately represented the time evolution of the granular
structure under the original condition. The uniformly dis-
persed particles in the initial state gradually agglomerate
and finally form a uniform large agglomerate. When the
spring constant is reduced to k; = 1 [N/m], and DAFM is
not applied, a faster development of the agglomerate is

100
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102
<
=¥
= 103
B 0L
qo T —@— /=102 N/m (Original)
— % —kg=1 N/m
--0---ky=10° N/m (DAFM)
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- Ak, =102 N/m (DAFM)
—8— k, =10 N/m (DAFM)
] — - —- Non-cohesive case
10-
0.01 0.1 1 10 100
Vs

Fig. 16 Relationship between shear rate and shear stress in the shear
flow of cohesive particles. Reprinted from Ref. (Tanaka et al., 2024)
under the terms of the CC BY-NC-ND 4.0 license.
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Fig. 17 Comparison of the time evolution of the granular structures
(¢=0.7, 7 =0.01 [s71]). The color of particle indicates the scale of the
agglomerate, which is defined as the percentage of the total solid vol-
ume. Reprinted from Ref. (Tanaka et al., 2024) under the terms of the
CC BY-NC-ND 4.0 license.
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predicted.

As shown in Figs. 16 and 17, the DAFM accurately
captured the fully developed internal structures of the
sheared particles and their temporal evolution. The avail-
ability of the DAFM in the contact-dominated regime
(Fig. 16) cannot be explained by the critical collision ve-
locity shown in Fig. 14. The bond-breaking model was
proposed and used to provide a theoretical explanation of
the applicability of the DAFM to the contact-dominated
regime and the limit of the reduction rate of the spring
constant.

6.2 Reduced Particle Stiffness (RPS) scaling of
cohesive particles

The DAFM employs a linear model for the contact force
calculation with the constant cohesion force so that the
critical collision velocity can be theoretically derived.
However, it is challenging to obtain the theoretical critical
collision velocity when using nonlinear contact models or
other types of cohesion forces, such as liquid bridge forces.
This is because these forces are typically complex func-
tions of particle position and velocity. Washino et al.
(2018a) derived a more general cohesion force scaling: re-
duced particle stiffness (RPS) scaling. The RPS scaling is
derived from the non-dimensionalized equation of motion
of particles during binary collision, which ensures the in-
variance of the dimensionless cohesion force when the
particle stiffness (i.e., spring constant or Young’s modulus)
is reduced. As shown in Fig. 18, the original coefficient of
restitution was well reproduced by RPS scaling, i.c., (a)
Fro ®/Fa0 0= 0.01 and (b) Fyq g/Fsq o= 0.00063. It is
noteworthy that the RPS scaling can be simplified to
DAFM when a linear model with constant cohesion force is
used.

Washino et al. (2024) further derived the scaling laws
from general dimensionless equations of motion, which are
for both particle translation and rotation, as well as multi-
body interactions. In this way, they derived not only the
cohesion force scaling but also the rolling resistance scal-
ing. They also concluded that RPS scaling can properly
capture the original particle behavior in Couette flows, but
some discrepancies were observed when the particle stiff-
ness was largely reduced. This may be because of the re-
duction of contact frequency.

6.3 Coarse grain model

One of the major problems of DEM is its extremely high
computational cost when tracking many particles. Even
with the recent advancement of computers, it is still practi-
cally impossible to complete the simulation of industrial-
scale systems within an acceptable period. Coarse grain
models are an increasingly popular method for reducing
computational cost in DEM simulations: the particle size is
artificially “scaled-up” while keeping the system size the
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Fig. 18 Relationship between net coefficient of restitution and impact
velocity. Reprinted from Ref. (Washino et al., 2018a). Copyright (2018),
with permission from Elsevier.

same so that the total number of particles is reduced and the
time step is increased. Chan and Washino (2018) classified
coarse grain models in the literature into two categories
parameter scaling and direct force scaling. In parameter
scaling, the input parameters of the coarse-grained particles
are adjusted to achieve similarity with the original particle
system (Bierwisch et al., 2009; Jiang et al., 2020; Thakur et
al., 2016). On the other hand, in direct force scaling, the
forces acting on the original particles are first estimated
using the original particle parameters and variables, which
are then directly scaled up for the coarse-grained particles
(Sakai et al., 2012; Sakai and Koshizuka, 2009).

Recently, the authors proposed a novel coarse-grain
model with direct force scaling (Chan and Washino, 2018;
Hu et al., 2022, 2024; Washino et al., 2021a, 2023a), which
is called Scaled-Up Particle (SUP) model and based on a
set of universal scaling laws to preserve the fluxes of mo-
mentum and angular momentum. It only requires two
scaling laws for the forces, i.e., one for the inter-
particle forces and the other for the body forces, together
with one scaling law for inter-particle torques:

—Original (0.5 mm)
o Scaled-up (1 mm)
% Scaled-up (2 mm)
== No attraction force (0.5 mm)
5 T T T T
E
2,41
2
23]
5}
o
£2f
z
et
=%
0
0

Particle velocity [m/s]

Fig. 19 Coarse-grained simulations of cohesive particles in a vertical
mixer. Reprinted from Ref. (Hu et al., 2022), Copyright (2022), with
permission from Elsevier.
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Fig. 20 Coarse-grained simulations of non-spherical particles in a
V-mixer. Reprinted from Ref. (Washino et al., 2023a) under the terms of
the CC BY-NC-ND 4.0 license.

Fis=1°Fy %)
Fys =1*Fy (6)
M =1M, (7)

where [ is the scale factor (i.e., the size ratio between the
coarse grained and original particles), F| represents arbi-
trary inter-particle forces, I, arbitrary body forces and M,
arbitrary inter-particle torques. The subscripts O and S in-
dicate the original and coarse-grained systems, respec-
tively. The SUP model can accurately replicate the original
particle behavior in various systems, including cohesive
(Fig. 19), non-spherical (Fig. 20), and poly-dispersed par-
ticles (Fig. 21), as well as gas—liquid—solid three-phase
systems (Fig. 22).

6.4 Modeling for liquid bridge force

In many powder handling processes, including wet gran-
ulation and particle coating, liquid is often added and
mixed with dry powder for various purposes. The forma-
tion of liquid bridges creates additional bonding forces
between particles, namely capillary and viscous forces. It is
well known that even a small amount of liquid can
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Fig. 21 Coarse-grained simulations of polydispersed particles with
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Fig.22 Coarse-grained simulations of gas—liquid—solid three-phase
flow. Reprinted from Ref. (Washino et al., 2021a). Copyright (2021),
with permission from Elsevier.

significantly affect the powder flow behavior. Capillary
forces arise from the sum of the surface tension along the
three-phase contact line and the pressure difference across
the meniscus (i.e., Laplace pressure). Many capillary force
models have been proposed in the literature, and they are
largely comparable (Lambert et al., 2008; Mikami et al.,
1998; Muguruma et al., 2000; Rabinovich et al., 2005).
Viscous forces are caused by the relative movement be-
tween particles and liquid bridges and are often modeled
using the Reynolds lubrication theory. The viscous forces,

F ., can be written in the following generic form (Washino
etal., 2016):
Fv?s = _CNv?el 3
Fl=~(Cvly +Creo, xn) 9)
O, = 1,0, +7,0; (10)

where v, is the relative translational velocity between
particles, n is the unit normal vector, @ is the particle angu-
lar velocity, and the superscripts n and t denote the normal
and tangential components, respectively. Cy, C; and Cy, are
damping coefficients for the normal, tangential, and rota-
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Fig. 23 Comparison between the damping coefficients obtained from
Washino et al., experiment, and DNS, along with the predictions ob-
tained from other models in the literature. Reproduced from the work by
Washino et al. (Washino et al., 2017a, 2017b).

tional movements, respectively, which are functions of
liquid viscosity, particle size, inter-particle separation dis-
tance, and liquid volume. Washino et al. (2017a, 2017b)
proposed viscous force models to evaluate these damping
coefficients by approximating the pressure fields inside
liquid bridges. Fig. 23 shows the damping coefficients as a
function of inter-particle separation distance obtained from
Washino et al. (2017a, 2017b), experiments (Pitois et al.,
2000) and Direct Numerical Simulation (DNS), alongside
the predictions obtained from other viscous force models in
the literature (Adams and Perchard, 1985; Goldman et al.,
1967; Pitois et al., 2000). Notably, the results reported by
Washino et al., the experiment and DNS exhibit signifi-
cantly better agreement than those reported by the other
models. These models are further extended to apply to both
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Newtonian and power-law fluids (Washino et al., 2018b;
2021b).

6.5 Modeling large objects

In applications such as combustion, gasification, and
granulation processes, solid particles exhibit significant
size variations that often span multiple orders of magni-
tude. As an extension of the DEM—CFD model, Tsuji et al.
(2014) proposed the Fictitious Particle Method (FPM),
which combines particle-resolved simulations for large
particles with the conventional DEM—CFD for small parti-
cles. Inspired by the Volume Penalization Method, FPM
estimates the momentum exchange between fluids and
solids by representing a large particle as an assembly of
small, dense fictitious particles. As demonstrated in
Fig. 24, this method successfully reproduced the sinking
and floating behaviors of large spheres in a bubbling fluid-
ized bed, depending on their density (Higashida et al.,
2016a; Tsuji et al., 2014). The model was later extended to
large non-spherical particles by incorporating the Super-
Ellipsoid (SE) model (Tsuji et al., 2022).

6.6 Heat and mass transfer modeling

Owing to their large gas—solid contact area and efficient
particle mixing, fluidized beds are extensively employed in
industrial processes in which heat and mass transfer are of
primary importance. Sakurai et al. (2009) proposed a
DEM-CFD model incorporating heat transfer. Focusing on
temperature ranges below 500 K, the proposed model con-
siders only conductive and convective heat transfer, ne-
glecting the influence of radiative heat transfer. The use of
a reduced spring constant results in an excessively large
contact area, which leads to an overestimation of the con-
ductive heat transfer. To avoid this problem, the contact
area was determined by using the actual particle stiffness
based on the contact forces obtained with a reduced spring
constant. To account for the influence of turbulence, the
Smagorinsky model used for the large-eddy simulation was
modified to incorporate the effect of the void fraction. The
model demonstrated reasonable agreement with experi-
mental results obtained using an infrared thermography

Fig. 24 Floating of a large sphere in a bubbling fluidized bed (Tsuji et
al., 2014).

camera. Later, the model was extended to mass transfer
cases such as particle drying.

7. Large-scale simulations and applications
7.1 Large-scale DEM—CFD simulation of a three-
dimensional fluidized bed

Improvements in computer performance and the devel-
opment of large-scale computing environments, such as
parallel computing, have made it possible to perform large-
scale DEM—CFD simulations. When resolving the bubbles
that form in fluidized beds, a particle number of approxi-
mately 10* (100?) in the case of 2D and 10° (100°) in the
case of 3D is required to represent bubbles with a diameter
of several dozen grains.

Fig. 25 shows the results of a calculation of a three-
dimensional fluidized bed under the condition of 4.5 mil-
lion particles (Tsuji et al., 2008b). This particle number
enables the simulation to capture the complex interactions
of multiple bubbles in a three-dimensional fluidized bed.

7.2 Cluster formation induced by large differences
in particle size

Fig. 26 shows the simulation results for a fluidized bed
containing a binary particle mixture with a large size ratio
(d,1/d,s = 20). These results were obtained using the FPM
described in Section 6.5. In the figure, the small particles
are color-coded to highlight the motion of the particle
phase. In this calculation, the CFD cell size was set to be
larger than the small particles but smaller than the large

(b) Inner structure of bubbles

Fig. 25 Large-scale DEM—-CFD simulation of a three-dimensional
fluidized bed. Reprinted from Ref. (Tsuji et al., 2008b). Copyright
(2007), with permission from Elsevier.
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particles, allowing the fluid flow around the larger particles
to be resolved. The simulation successfully captured the
formation of particle clusters within bubbles, where small
particles were entrained and dragged downward in the
wake of large particles descending through the bubbles
(Higashida et al., 2016Db).

7.3 Mixing and segregation behaviors in vibrated
fluidized beds

The addition of mechanical vibration can enhance the
mixing and segregation of particles in fluidized beds, al-
though the additional energy input from the vibration in-
creases the complexity. Jiang et al. (2020) developed a
DEM-CFD model for vibrated fluidized beds that incorpo-
rates the influence of mechanical vibration as well as the
aeration. The model was constructed in a non-inertial frame
of reference fixed to the vibrating bed, with inertial force
terms appearing in the governing equations. Focusing on
the density segregation of a binary particle system under a
vertical vibration, the model successfully reproduced a
sharp transition from reverse segregation (heavy particles
on top) to forward segregation (light particles on top) as a
function of gas superficial velocity (Fig. 27). The numeri-
cal results clarified that the transition originates from a di-
rectional change in the gas pressure gradient formed within
the bed (Jiang et al., 2023).

7.4 Plate penetration into granular materials

For the improved engineering design and operation of
construction and mining machinery, as well as off-road ro-
bots, it is crucial to understand the interactions between
ground granular materials such as clays, sands, gravels, and
rocks and mechanical components that directly engage
with them (e.g., buckets, blades, legs, belts, and wheels).
The response of granular materials is influenced by multi-
ple factors, and the detailed mechanisms governing these
interactions remain insufficiently understood.

(b) Magnified view

(a) Entire view

Fig. 26 Cluster formation induced by large differences in particle size
(Higashida et al., 2016b).
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Kobayakawa et al. (2018) investigated the influence of
the initial packing fraction on plate dragging through large-
scale DEM simulations involving more than 33 million
particles. Their study demonstrated packing-fraction-
dependent bifurcation in the drag force. In an initially loose
granular bed, the drag force stabilizes at an approximately
constant value as the plate advances, whereas in an initially
dense bed, the drag force exhibits large-amplitude oscilla-
tions. They attributed this oscillatory behavior to the peri-
odic evolution of a shear band, which formed exclusively
in the dense bed (Fig. 28). Kobayakawa et al. (2020) exam-
ined the influence of the rake angle of a plate in a dense
bed. They found that the relationships among the rake an-
gle, evolution of the shear band, and drag force can be
quantitatively explained using a three-dimensional wedge
model that accounts for variations in the local volume
fraction within the shear band.

Miyai et al. (2019) focused on the influence of particle
size on the vertical penetration of a flat plate by changing
the mean particle diameters dy, but maintaining the plate
thickness B from B/d,,= 63 to 2.6. In the smallest particle
size case (B/ds,= 63), the size ratio reached almost the
same level as that in the laboratory experiments using

(a) Reverse (1,= 0 m/s) (b) Forward (u,= 0.181 m/s)

Fig. 27 Reverse and forward segregation in a vibrated fluidized bed
where the density of black and white particles of p,=4000 kg/m? and
1500 kg/m?, respectively (Jiang et al., 2023).
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Fig. 28 Dependency of local volume fraction distribution on the initial
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packing fraction during horizontal dragging. Reprinted from Ref.
(Kobayakawa et al., 2020) under the terms of the CC BY 4.0 license.
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Fig.29 Dependency of local volume fraction distribution on particle
size during vertical penetration. Only the results for B/d,,= 63 and 21
are presented here. Reprinted from Ref. (Miyai et al., 2019) under the
terms of the CC BY 4.0 license.

natural sand particles. After careful calibration and model
validation, the authors reported qualitative behavioral
changes between B/d,, =31 and 21. For the large B/d,,
cases, the resistance exhibited quasi-periodic fluctuations,
which were attributable to the intermittent nucleation and
disappearance of the shear bands (Fig. 29).

7.5 DEM and continuum models

The u(I) rheology is one of the most commonly used
continuum models for describing dense granular flows.
However, as a local model, it cannot capture the influence
of microscopic interactions, which are known as grain-size
effects, on macroscopic behavior. Nonlocal models, such as
the Nonlocal Granular Fluidity (NGF) model, are generally
applicable only to dry materials. To address this limitation,
Faroux et al. (2022a) investigated the nonlocal rheological
characteristics of wet granular materials using DEM, tak-
ing capillary forces into account. Applying a coarse-
graining procedure, they examined the granular fluidity
field predicted by the NGF theory and explored its relation-
ship with material cohesiveness through the Bond number.
By limiting the scope to critical-state areas and using nor-
malizations based on the granular temperature, exponen-
tial-type cohesive constitutive laws were obtained.
Numerical implementations of the NGF model in contin-
uum calculations were also explored (Faroux et al., 2022b,
2022c¢).

8. Particle-resolved simulations
8.1 Simulation method and coupling technique
The proliferation of computational resources has en-
abled particle-resolved direct numerical simulations (PR-
DNS) nowadays, wherein the microscopic flow around and
between particles is captured by directly solving the
Navier—Stokes equations. Although computational re-
sources have become more abundant, the computational
load of PR-DNS remains substantial, making efficient
computation particularly essential. Coupling techniques,
such as the Immersed Boundary Method (IBM) with DEM
(Fujihara et al., 2013), and the Volume Penalization (VP)
method with DEM (Nguyen et al., 2021a), have been de-

veloped. These techniques have been employed to investi-
gate problems involving microscopic phenomena that
cannot be captured within the framework of particle-
unresolved DEM—CFD models.

8.2 Hindered settling

Particle-resolved direct numerical simulations were used
to study the hindered settling of monodisperse spheres.
Prior to performing the actual simulations for hindered
settling, extensive benchmarking studies were conducted
for fixed spheres (Zaidi et al., 2014a). A mathematical rela-
tionship is proposed for the average drag force, which can
be used in mesoscopic simulations.

Subsequently, simulations were performed for hindered
settling for Reynolds numbers up to 50 (Zaidi et al.,
2015a). It was observed that the average settling velocity
obtained by the simulations deviated from the well-known
power law proposed by Richardson and Zaki (1997) for
low solid volume fractions and moderate Reynolds num-
ber. It was found that this was due to two-body hydrody-
namic interactions or Drafting-Kissing-Tumbling (DKT)
(Fortes et al., 1987). For low solid volume fractions and
moderate Reynolds numbers, strong two-body hydrody-
namic interactions led to horizontally separated particles
(Zaidi et al., 2015b). It is known that horizontally separated
particles experience larger drag forces. Thus, the average
settling velocity decreased.

In the study of moderate Reynolds number (1 < Re < 50),
it was observed that dilute regime showed deviation from
the power law proposed by Richardson and Zaki (1997).
Thus, the dilute regime was further investigated at higher
Reynolds numbers (Re < 300) (Zaidi et al., 2014b). It was
observed that in the higher Reynolds number range
(175 £ Re <£300), particles form elongated column-like
clusters under dilute conditions. This cluster formation in-
creases the average settling velocity and the velocity fluctu-
ations during settling. The increase in the settling velocity
is due to the entrapment of particles in strong wakes, where
particles experience lower drag; thus, the average settling
velocity increases. It was found that the velocity fluctua-
tions of the fluid increased due to vortex shedding from
particle clusters, which are not present in the case of mod-
erate Reynolds number (1 < Re < 50).

8.3 Influence of the sidewall

The inhomogeneity of the particle structure in flow is
induced by the presence of solid walls, leading to the for-
mation of preferential flows at the particle scale and inho-
mogeneous fluid forces acting on the particles. Using
PR-DNS, Tsuji et al. (2013) investigated the influence of
sidewalls parallel to the main flow by varying the bulk void
fraction, particle Reynolds number, and particle diameter
while keeping all particles fixed in the domain. Fig. 30
shows the time-averaged void fraction and streamwise flow
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velocity distributions as a function of distance from the
sidewall x, normalized by the particle diameter d. The re-
sults correspond to a bulk void fraction of &= 0.503,
whereas the particle Reynolds number was varied. Due to
the constraints imposed by the sidewalls and interactions
with surrounding particles, the local void fraction exhibits
an oscillatory profile at the particle scale. Consequently, the
flow velocity profile also becomes oscillatory. By perform-
ing spatial averaging on the data obtained from PR-DNS, it
is possible to quantitatively assess the predictive perfor-
mance of empirical drag models used in particle-
unresolved DEM—CFD simulations. Fig. 31 shows that the
Ergun (1952) and Beetstra et al. (2007) equations signifi-
cantly underpredict the pressure drop near the wall (0 <
Ax/d < 1), which is attributed to the inhomogeneities at the
particle scale.

1.8 ‘ 1
- Re =0.128 -

L6 | TmRe253 109 «
g ! --8--Re =54.6 2.
o) 1.4 Fi LY -
g - h §
O —
.2 A 12 g
E ’§‘ h
sV A
O~ -
7] ’:A %/
DI 08 s
o0 —
5 0.6 =
o !
<

0.4 ‘ s ' ‘ 0.3

0 0.5 1 15 2 25

Distance from wall x/dp [-]

Fig. 30 Time-averaged void fraction and streamwise velocity distribu-
tions versus distance from the wall (¢ =0.503). Reprinted from Ref.
(Tsuji et al., 2013). Copyright (2013), with permission from Elsevier.
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Fig. 31 Assessment of pressure drop predicted by the Ergun equations
(¢=10.503). Reprinted from Ref. (Tsuji et al., 2013). Copyright (2013),
with permission from Elsevier.
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8.4 Gas-liquid—solid three-phase flow

Gas—liquid—solid three-phase flows can be encountered
in many industrial processes, including chemical reactors,
slurry mixing, capillary suspensions, and 3D printing. In
such processes, gas, liquid, and solid particles coexist in the
same system and flow together while interacting. For simu-
lating three-phase flows, the particles are often treated as
discrete entities using DEM, whereas the fluids (i.e., both
gas and liquid phases) are collectively handled as a contin-
uum with either the interface-tracking method (Tryggvason
et al., 2001; Unverdi and Tryggvason, 1992) or interface-
capturing method (Hirt and Nichols, 1981; Osher and
Sethian, 1988; Takewaki and Yabe, 1987). Recently, the
authors developed a three-phase simulation model that can
accurately account for the fluid—solid and three-phase in-
teractions.

The fluid—solid interactions are modeled with the
Volume Penalization (VP) method with optimal permeabil-
ity (Nguyen et al., 2021a). Fig. 32 shows segregations in
liquid—solid fluidized beds predicted by the developed
model. It is found that these segregations are induced by (a)
imbalance between the fluid and gravitational forces due to
different densities and (b) differences in fluid forces caused
by particle shapes.

For the three-phase interactions, a combination of the
Immersed Free Surface (IFS) model (Nguyen et al., 2021b)
and the Continuous Capillary Force (CCF) model (Washino
etal., 2013) is employed. The IFS model smoothly extends

H
tzz

RO L
) &)

" !("
3

SONn

5%
oy
43

%
e
#1259

®
v

v
»

e 13
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Fig. 32 Segregations in liquid—solid fluidized beds caused by (a) den-
sity and (b) shape differences. In (a), the density of the purple particles
is higher than that of the white particles. In (b), the color map shows the
fluid velocity magnitudes, ranging from 0 m/s (blue) to 0.45 m/s (red).
(a) is reprinted from Ref. (Nguyen et al., 2021a) under the terms of the
CC BY-NC-ND 4.0 license, and (b) from Ref. (Washino et al., 2023b).
Copyright (2023), with permission from Elsevier.
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Fig. 33 Snapshots of liquid bridges between two stationary cube-like
particles with different contact angles; 30°, 60°, 90°, 120° and 150° from
left to right. Reprinted from Ref. (Washino et al., 2023b). Copyright
(2023), with permission from Elsevier.
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Fig. 34 Normalized capillary forces as a function of contact angle.
Reprinted from Ref. (Washino et al., 2023b). Copyright (2023), with
permission from Elsevier.

the gas—liquid interfaces from the exterior of the particle to
the interior with a specified contact angle, whereas the CCF
model converts the surface tension at the three-phase con-
tact line into a body force so that the capillary force can be
computed via a volume integral rather than a line integral.
It can be seen that the IFS model can account for the solid
surface wettability (Fig. 33), and the corresponding capil-
lary forces can be well predicted using the CCF models
(Fig. 34).

The developed model has the potential to simulate com-
plex three-phase flows in various industrial processes. One
example of such flows is bubble rise in a liquid mixed with
differently shaped particles (Fig. 35). It was found in the
simulation that the particles take preferential orientations
depending on their shapes so that their projection areas to
the flow field induced by the rising bubble are minimized.

9. Concluding remarks

The present article provides a brief overview of the au-
thors’ studies on discrete particle modeling and simulation
of granular, gas—solid, liquid—solid, and gas—liquid—solid
flows, where particle—particle interactions cannot be ne-
glected. With the rapid development in computing power
and Al technology, it is expected that the development and
use of DEM—CFD simulations will continue to advance in
the future.

The modeling and development of computational meth-
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Fig. 35 Bubble rise in liquid mixed with differently shaped particles.
The vectors indicate the fluid velocity field at the cross-section. The
color map shows the magnitude of the fluid velocity from 0 m/s (blue) to
0.2 m/s (red). Reprinted from Ref. (Washino et al., 2023b). Copyright
(2023), with permission from Elsevier.

ods for the various complex problems associated with
dense gas—solid two-phase flow or high-concentration par-
ticle flow, including liquid bridging, particle shape, particle
surface properties (including wettability), lubrication, heat
transfer, and chemical reactions, remain active areas of re-
search. The authors hope that this review will contribute to
the future development of this field.

Nomenclature
CFD Computational fluid dynamics
DAFM  Dynamic adhesion force model

DEM Discrete element method
DKT Drafting—kissing—tumbling
DSMC  Direct simulation Monte Carlo
FPM Fictitious particle method

PSI Cell Particle-source-in cell

TFM Two-fluid model

a particle radius (m)

B plate thickness (m)

Cy normal damping coefficient (kg/s)

Cyr rotational damping coefficient (kg/s)
Cr tangential damping coefficient (kg/s)
d, particle diameter (m)

dy, median diameter of particles (m)

dy particle diameter of large particle (m)
dis particle diameter of small particle (m)
e restitution coefficient (-)

E Young’s modulus (Pa)

Jen clastic repulsive force (N)

F.p adhesion force (N)

F, body force (N)

F, inter-particle force (N)

F viscous force (N)

k normal spring constant (N/m)

ky normal spring constant of DAFM (N/m)
kg normal spring constant without DAFM (N/m)
m mass (kg)

M; inter-particle torque (Nm)

n unit normal vector (-)
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r radius (m)

R pipe radius (m)

St Stokes number (-)

t time (s)

At time duration of explosion (s)

v, critical collision velocity (m/s)

Voo particle velocity in vertical direction (m/s)

v ’pz particle fluctuation velocity in vertical direction (m/s)

Vit particle fluctuation velocity in transverse direction
(m/s)

Vil relative velocity (m/s)

a parameter (-)

y shear rate (s™!)

0, normal deformation (m)

Ax mesh size used in CFD calculation (m)
& Bulk void fraction (-)

K, constant of normal elastic repulsion (-)
Py density of particle (kg/m?)

o Poisson’s ratio (-)

T shear stress (Pa)

2] particle angular velocity (rad/s)
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