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Uniaxial or one-dimensional compression is widely used in granular material
processing to produce granular compacts and is a key experimental method for
evaluating the compressibility of granular materials. In this study, the granular
micromechanics approach (GMA) was applied to simulate the one-dimensional
uniaxial compression behavior of granular packing. GMA offers a continuum
modeling paradigm that connects the macroscale response to the grain-scale
mechanisms. To describe the stiffening behavior that elasto-frictional granular
materials exhibit in confined compression, the elastic energy functional and
dissipation potential were modified from previous versions of GMA-based models.
The elastic energy of a grain pair was formulated to include a higher-order dependence
on the normal relative displacement of the grain pair. The dissipation potential was
also modified by incorporating coupling between plastic parameters that characterize
plastic deformation accumulation as the grain-pair experiences compression and/or
tension during loading process. The modified model, derived in the framework of
geometrically nonlinear deformations, was then applied to replicate experimentally
measured 1D compression behavior of granular materials undergoing large
compression. The results reveal nearly universal scaling with respect to the model
parameters for predicting the behavior of granular materials with different particle
types or initial densities. A parametric study was conducted to determine the evolution
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of the microscale stored elastic energy and dissipation parameters in terms of grain-pair directions. In addition, this paper provides a brief
literature review of experimental observations and modeling approaches related to powder compaction behavior.
Keywords: one-dimensional compression, powder compaction, granular micromechanics, damage and plasticity mechanics, variational-

based model

1. Introduction

A class of granular materials, commonly encountered as
heaps of discrete particles or powders, has been extensively
investigated across various industries for its unique flow,
plastic deformation, and compaction behaviors. The me-
chanical behavior of such materials is the subject of inten-
sive research spanning fields such as geotechnical
engineering, pharmaceutical manufacturing, food process-
ing, and civil infrastructure. The unique mechanical prop-
erties of such elasto-frictional granular materials depend on
a myriad of factors, including their initial density state (or
solid fraction), heterogeneity, loading history, particle sur-
face characteristics, and interparticle interaction behavior.
Among these factors, the behavior of this class of granular
materials is strongly influenced by the elasto-frictional
contact between grains. Such granular materials at rela-
tively low solid fractions can exhibit fluid-like behavior

T Received 12 February 2025; Accepted 28 April 2025
J-STAGE Advance published online 12 July 2025
*  Corresponding author: Anil Misra;
Add: 10555 W Flagler Street, EC 3680. Miami, FL 33174, USA
E-mail: anmisra@fiu.edu
TEL: +1-305-348-3821

under large macroscale shearing deformations, as discussed
by Campbell (1990) and Goldhirsch (2003). Under such
conditions, the elasto-frictional grain—grain contact may
also involve inelastic collisional features. At higher solid
fractions, such granular materials often exhibit compac-
tion—dilation behavior under large macroscale shearing,
leading to the so-called “critical state,” in which grain-
scale mechanisms—such as grain sliding, separation, and
collapse/buckling of particle chains mediated by the elas-
to-frictional contacts—play a key role, as presented by
Yilmaz et al. (2024, 2025).

Under highly confined conditions, one-dimensional
compression becomes an important deformation mode in
which the previously discussed grain-scale mechanisms
also play an important role, depending on the initial density
state or solid fraction. For this deformation condition,
grain-scale mechanisms such as particle crushing, grain
rearrangement, rotation/rolling, grain sliding, loss of lateral
support, grain neighborhood densification, and strain local-
ization give rise to complex mechanical behavior. For ex-
ample, particle crushing in granular materials results in
irreversible deformations, leading to a denser form through
a reduction in initial void ratio. Interestingly, the so-called
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yield stress has been reported to increase due to crushing of
granular material (see Yamamuro et al., 1996; Nakata et al.,
2001, for investigations into the stress—initial void ratio
relationship). Indeed, the macroscopic behavior of granular
assemblies is expected to be elucidated through grain-pair
interactions. In this paper, we discuss the compaction be-
havior of these materials under one-dimensional compres-
sion, assuming the grains to be cohesionless or weakly
cohesive, such that the grain-scale behavior is dominantly
elasto-frictional.

1.1 Review of powder compaction

Powder compaction is a manufacturing technique for
crafting robust and high-performance products capable of
withstanding a range of loading conditions, whose perfor-
mance depends on the complex grain-scale interactions
that evolve in granular materials under uniaxial compres-
sion. Powder compaction increases the mass density while
maintaining constant mass and, in the process, rearranging
and deforming grains, irrespective of the stiff or soft inter-
face properties. The packed microstructures emerge from
densifying loose powders into solid entities, thereby ac-
quiring the desired mechanical behavior of granular mate-
rials through compression, causing volume reduction and
consolidation of interparticle contact bonds. Compaction
increases the stiffness, shear strength, and fragmentation
strength of the resultant grain pack. Powder compaction
has been extensively used to fabricate a wide variety of
products including pharmaceutical pills (Wu et al., 2005,
2008) and other selected works (Leuenberger and Rohera,
1986; Mohan, 2012) for investigation of pharmaceutical
tablet compaction), metallurgy manufacturing (Chtourou et
al., 2002a, b; Sethi et al., 2008), and ceramic green micro-
structures (Vogler et al., 2007). In particular, die compac-
tion represents the compression of powdered materials to
obtain dense and uniform structures, i.e., maximum com-
pression pressure or minimum form separation, by placing
powders under defined boundary conditions in a die. To
better understand the compaction process of ceramic pow-
der, Niesz (1996) reviewed pertinent factors and their asso-
ciations with green microstructure. Notably, the cohesive
frictional behavior plays a key role in the fracture mecha-
nism during powder compaction within a die (see, for in-
stance, Tahir and Ariffin, 2006). Bandara et al. (2021)
performed mechanical testing on proppant packs in oil/gas
recovery processes and revealed significant plastic defor-
mation during the first loading cycle. Lunar and Martian
regolith compaction behavior has also been experimentally
explored using powder simulants with similar composi-
tions to the regolith on the Moon and Mars (Grindrod et al.,
2010; Suescun-Florez et al., 2015). In addition, the me-
chanical behavior of a range of granular materials has been
examined based on experimental investigations, such as
those of clayey sands and fine-grained soils (Monkul and
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Ozden, 2007; Xu et al., 2009) and tailing dam material
(Carrera et al., 2011).

1.2 Review of compaction behavior modeling

Numerical analysis of powder compaction has been ex-
plored using continuum finite element models (FEM) or
discrete element models (DEM) or through coupled FEM-
DEM approaches, as exemplified in the following works of
Ransing et al. (2000); Sinka (2007); Giiner et al. (2015).
Several studies have explored the macroscopic response of
one-dimensional compression of granular mechanics
grounded in continuum mechanics. The macroscale behav-
ior typically considers elastic and dissipative phenomena
resulting from the development of grain-scale deformation.
Along these lines, Roscoe and Burland (1968) used the
modified Cam-clay model to predict the stress—strain be-
havior under compaction. Similarly, modifications to clas-
sical elasto-plastic theory have been used to model
compaction, including the effects of grain breakage (see
Pastor et al., 1990; Daouadji et al., 2001). Further, based on
phenomenological considerations, Chong and Santamarina
(2016) proposed a soil compressibility model to satisfy as-
ymptotic void ratios by modifying existing models and
functions at both low and high effective stress levels. Cocks
(2001), Cocks and Sinka (2007) constructed constitutive
models of plastically deforming powder compaction
(metal), sintering (ceramic), and flow processes by offering
valuable insights into the evolution of actual yield surfaces.
Alternatively, Russell (2011) proposed that energy dissipa-
tion involves plastic work due to the creation of the surface
area of the fragments and load distribution, and adapted
this mechanism into a Cam-clay-type energy equation.
Park et al. (1999) proposed a yield criterion by modeling
metal powder die compaction which facilitates handling of
bulk materials. Following a thermomechanical framework,
Einav (2007a; b) introduced continuum breakage mechan-
ics to model crushable granular materials in a series of arti-
cles in which the contribution of breakage (resulting in
evolution of grain size distribution) and other dissipative
mechanisms to the overall inelastic behavior of granular
materials have been described (see the dissipative process
modeling without plasticity in Part 1 (Einav, 2007a) and
including plasticity in Part 2 (Einav, 2007b)). Many other
models of powder compaction using the continuum ap-
proach have been considered (see, for example, Michrafy
et al., 2002). In an alternate approach, Richard et al. (2005)
considered statistical mechanics approaches to describe the
dynamics of powder compaction and their seeming corre-
spondence with glass formers.

In contrast to continuum FEM models, DEM directly
considers grain-scale properties, such as stiffness, strength,
shapes, and sizes, and can be used to investigate one-
dimensional compression with the ability to monitor the
microscale behavior, including particle position and
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contact force, and local packing density. At the same time,
it can provide the evolution of macroscopic properties such
as bulk density and shear strength. DEM can clearly en-
compass many types of heterogeneous granular systems;
however, the challenge is that while observing the contact
interactions, displacement fields, and forces of individual
grains, the computational cost increases inordinately as a
range of complexity is desired to be modeled. The key
drawback of DEM is not only computational time but also
the accuracy and suitability of the simulation algorithms,
and more importantly, the complexity of developing de-
tailed realistic models of grain-contact behavior, the simu-
lation result interpretation, and their dependence upon the
domain size. DEM has been used to study certain features
of the compaction behavior of idealized granular systems.
For example, Cheng et al. (2003) employed DEM to inves-
tigate the characteristics of crushable sands, using tri-axial
tests to validate the numerical simulations and comparing
the simulation results with experiments conducted on silica
sand. Minh and Cheng (2013) presented the effect of
particle-size distribution on the one-dimensional compres-
sion of granular packing with nondeformable particles and
compared the outcome with experimental data. Several
DEM simulations have been performed for crushable parti-
cles (see Harireche and McDowell, 2003; Cil and Alshibli,
2012 for the effect of particle fracture and plastic deforma-
tion). Bolton et al. (2008) investigated the mechanical be-
havior of irregularly packed agglomerates by comparing
breakable and unbreakable assemblies. Using a fractal dis-
tribution of particles, McDowell and de Bono (2013) simu-
lated one-dimensional compression and explored the
particle-crushing mechanism and fractal particle-size dis-
tribution, replacing the broken particles with new smaller
particles while preserving mass. To investigate the cyclic
loading phenomena for grain packs, Garcia and Medina
(2006) used a numerical simulation based on DEM, which
showed decreased dissipation in a dense case. Wigcek et al.
(2017) investigated the evolution of contact force in binary
granular mixtures under uniaxial compressive load using
3D DEM simulations; however, other grain-scale mea-
sures, such as the directional evolution of either the dissipa-
tion and elastic energy or the contact force, were
characteristically overlooked. Discrete description (see se-
lected works that also include a brief review on the micro-
mechanics grain breakage
compression, e.g., Jiang et al., 2014; Zhou et al., 2014; de
Bono and McDowell, 2014; Cil and Alshibli, 2014; Hanley
etal., 2015; Wu et al., 2022) or hybrid approaches blending
discrete and continuum methodologies have also been de-
veloped (such as the combined couplings explored in Onate
and Rojek, 2004; Villard et al., 2009; Chung et al., 2016).
Finally, Ransing et al. (2000) considered compression of
powders consisting of ductile and brittle particles using
DEM and compared the results with those from continuum

under one-dimensional

approaches.

More significantly, methods for the continuum modeling
of granular materials in terms of grain-scale mechanisms
by referring to the orientational distribution of contacts
have been proposed (Jagota et al., 1988; Chang and Misra,
1989). Following this modeling direction, Chang and
Hicher (2005) established an elastic-plastic model by fol-
lowing Hertz-Mindlin’s elastic law and Mohr-Coulomb’s
plastic law to derive the stress—strain relationship for com-
paction. More recently, the authors have advanced a granu-
lar micromechanics approach (GMA) for continuum
modeling that considers Piola’s ansatz for micro-macro ki-
nematic identification (Misra et al., 2021) and grain-pair
elastic-damage-plastic interactions to find the elastic en-
ergy density and dissipation potential at the macroscale
(Placidi et al., 2021; Yilmaz et al., 2024, 2025).

1.3 Present work

During one-dimensional compression of elasto-
frictional granular materials, a stiffer assembly is created
while accruing irrecoverable deformations. While compac-
tion leads to a transition from a loose to dense state, the
mechanical energy required for the transition is influenced
by the grain-pair contacts. The core thrust of this work is to
address the concept of one-dimensional compression by
exploiting grain-scale mechanisms. These mechanisms are
activated using the framework of elastic and dissipation
energy functionals in GMA-based continuum mechanics.
The energy terms are developed from the damage-
clasto-plastic springs, which represent effective grain-pair
interactions in both the normal and tangential directions.
The resultant continuum theory was applied to investigate
the macroscopic behavior during the loading—unloading
cycle of one-dimensional compression. Since such com-
pression experiments are analyzed as a single continuum
material point in terms of strain and the measured reaction
is interpreted as stress, the simulation here assumes homo-
geneous deformations. The results highlight the elastic
hardening behavior and the evolution of damage and plas-
ticity, which are crucial factors affecting the behavior of
granular materials.

This paper is organized as follows. In Section 2, we re-
port a GMA, including a new type of elastic and dissipation
energy terms based on a generic grain-pair interaction and
a hemi-variational method to derive Karush-Kuhn-Tucker
(KKT)-type conditions for irreversible phenomena. In
Section 3, we present the numerical investigations by rep-
licating experimental observations in one-dimensional
compression. In Section 4, the key findings are summa-
rized, and future research directions are discussed.

2. Granular micromechanics approach

Continuum modeling remains the most feasible ap-
proach for describing the mechanical behavior of complex
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materials in which the stress—strain response exhibits
non-standard behavior that could be dependent upon the
sequence of loading or loading paths. To this end, varia-
tional and energy-based methods, which trace their origins
to the ecarliest efforts at describing mechanical systems,
have proven to offer particularly robust solutions (dell’Isola
and Misra, 2023). In this regard, significant attempts have
been made at deriving models for solids of complex micro-
structures undergoing damage and other loading-induced
internal transformations using energy- and variational
methods as a basis (see, for example, Placidi, 2016;
Fabbrocino and Carpentieri, 2017; Mancusi et al., 2017;
dell’Isola et al., 2020). These methods have been harnessed
to develop models beyond classical elasticity theory to ac-
curately predict the behavior of complex multi-scale struc-
tures (see, for example, strain gradient theory (Eremeyev et
al., 2021; Aydin et al., 2022; Sarar et al., 2023)). These ad-
vanced higher-gradient theories (Abali et al., 2017, 2019;
Yang et al., 2020) generalize classical continuum theories
to elucidate geometric and size-dependent effects and in-
corporate geometrical nonlinearity (Abali et al., 2015;
Fedele, 2022a, b; dell’Isola et al., 2022; Fedele et al.,
2024). These novel mathematical models have found appli-
cation for a range of materials, including pantographic
metamaterial (Eremeyev et al., 2018; Stilz et al., 2022;
Yildizdag et al., 2023), metamaterial of granular motif
(Giorgio et al., 2022), bone remodeling (Giorgio et al.,
2023), and masonry (Ramaglia et al., 2018; Grande et al.,
2020; Reccia and Eremeyev, 2024).

From the viewpoint of granular materials, continuum
models to investigate complex assemblies consisting of
many particles require a detailed understanding of the
grain-scale phenomena and how they are connected to the
macroscale response. Recent applications have shown that
the GMA provides a framework for bridging the grain and
macroscale behaviors for a variety of granular material
phenomena, including its elasticity (Barchiesi et al., 2021),
damage (Timofeev et al., 2021), and coupled damage and
plasticity (Placidi et al., 2021; Yilmaz et al., 2024, 2025).
For instance, Placidi et al. (2024) demonstrated the capabil-
ity of GMA by replicating the experimental results for
ultrahigh-performance fiber-reinforced concrete (UHP-
FRC). For a completely different granular system in which
the grains interact primarily with frictional contacts,
Yilmaz et al. (2024) investigated the emergence of critical
states by applying a GMA with appropriately formulated
effective grain-scale elastic and dissipation energy func-
tionals. The present work aims at the so-called one-
dimensional compression of granular packing, accounting
for grain-scale phenomena, by using GMA. For this pur-
pose, new types of elastic energy and dissipation energy
potentials are integrated into the constitutive model for ef-
fective grain-pair interactions. As in our previous works
dealing with dissipative granular systems, a hemi-

252

variational approach was used to obtain new evolution
equations for damage and plastic deformation in the form
of the Karush-Kuhn-Tucker (KKT)-type conditions to pre-
dict these irreversible quantities at the grain-scale. We then
demonstrate the new model’s capability for replicating the
compaction behavior of elasto-frictional granular materials
under one-dimensional compression. The remainder of this
section briefly describes the main aspects of the GMA-
based mathematical model.

2.1 Piola’s ansatz and continuum deformation
measurements

A discrete description of a granular system focuses on a
set of N grains located in a 2D Euclidean space £2. While
each it grain’s position in the reference configuration is
represented by X, its location in the actual configuration at
time ¢ is determined by the placement function y,(¢) as out-
lined below:

;=10 =X;+u;(t), i=L...,N, (1)

where u,(7) represents the displacement vector for the i
grain. For the continuum description, we consider a contin-
uous body B within £? comprising an infinite number of
grains. The position of each material point within B is des-
ignated by X in the reference configuration, while its posi-
tion in the actual configuration at time ¢ is determined by
the placement function y(X, ¢) as follows:

x=1(X,)=X+u(X,?) )

where the displacement vector is symbolized by u(X, 7).
Piola’s ansatz establishes the relationship between both
descriptions, as developed by dell’Isola et al. (2015) as
follows:

A (Xi?) =% (0)s

Piola’s ansatz determines the correspondence between the
placements y, for the discrete description containing N
grains and the placement ¢ for the continuous body within
B.

When the two adjoined representative grains # and p in
the reference configuration are positioned at X, and X , the
vector defining the relative position in the reference config-
uration by adjusting the position of grain n relative to grain
p is given by

i=12,...,.N 3)

X,-X,=L¢ 4)

Here, € represents a unit vector originating from grain p
toward grain n, while L represents the distance between
these two representative grains. As a consequence, the
grain-pair distance L depends neither on the sizes of partic-
ular grains of the discrete model nor on the orientation ¢ of
the continuum model. Thanks to Piola’s ansatz, x, = (X,
f) and X,= x(XP, f) give the positions of the grains in the
actual configuration. Consequently, the following
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expression gives the vector indicating the relative position
in the actual configuration

x,,—xpzx(X,,,t)—x(Xp,t) 5)

Based on the prior works of Placidi et al. (2021; 2022a; b),
the objective relative displacement u” is defined as fol-
lows:

u’? :FT(xn—xp)—(Xn—Xp) (6)

where F is the deformation gradient (F = Vy). Considering
an identical deformation level for the grains, the Taylor
series expansion of the placement y(X,, 7) around X =X
yields

X, =1(X,,0)=X, +LF¢ (7
where
F :vxlxzxp ®)

Unless otherwise stated, index notation will be used for
clarity in the remaining parts of this work. Consequently,
the objective relative displacement:

u” =2LG,¢, )

g=J

where G is the Green—St-Venant tensor expressed as

1
Gy = (Fuif' =) (10)

The projection of the objective relative displacement
vector onto the unit vector €, scaled by half, generates the
normal displacement (a scalar quantity) as follows:

Uy = Eu{’péi (11)
then the projection of the objective relative displacement
onto the unit vector orthogonal to € is identified as the tan-

gent displacement vector as follows:
U, =u” —uj’ec (12)

By simply replacing Eqn. (9) into Eqns. (11) and (12), re-
spectively, returns the following equations for the normal
displacement, its square, and the square of the norm of the
tangent displacement vector:

u, = LGyé 6, (13)
(”n)2 = L2GGyCi€ 1C4Cp (14)
()" = 412G Gy (314616 — 8,6 84C) (15)

where u; = /u ., . It is worth mentioning that this study
only investigated homogeneous deformation. Thus, the
gradient of the Green—St-Venant tensor does not arise in
Eqns. (13)—(15) (Gii, » = 0). Under a general loading condi-
tion, Uin which non-homogeneous deformation may be
expected (such as Placidi et al., 2024), the strain gradient

components are required and, therefore, are included here
to present complete theoretical ideas. The normal u, and
the squared tangential #? displacements are partitioned into
elastic and plastic components as follows:

Uy =ul +u§l, u2 =yh2 4 P2 (16)

Additionally, 4, and 4 serve the tension and compres-
sion plastic variables, respectively. The difference between
the two plastic variables specifies the plastic normal dis-
placement as follows:

ul' =28 = ¢ (17)

The following expression gives the quadratic and quartic
powers of the elastic normal displacement

(ugl)’ = (e —ul)’
=J2 ;

GyGoulié 6

i“j%a

NGyee, + () (18)

J n

AAAAAAAA

2
3 o AAAAAA pl ) AA A A pl
—4DG;G G yCiC iCoChCeCy (“n )+ 6L°GGCiC;CaC (“n )

—4LGyéd; (ul) + ()’ (19)

2.2 Elastic energy

Let U™ denote the total elastic energy associated with
the effective grain-pair interaction between two contacting
grains, n and p, for whom the line connecting their cen-
troids is aligned in the direction €. We postulate that U
can be expressed as follows in terms of the normal and
tangential decomposition of the objective total relative
displacement between the grains (Eqns. (18) and (19)).

1 2 1 N 2

Uumw = EknD () +annD (ush) +EkTD (ug) (20)

In Eqn. (20), k,, symbolizes the damaged normal stiff-
ness (different in tension and in compression) while &,
indicates the damaged duffing stiffness:

2 o

knnk D
kynp = LG

el
Zl( it ﬁD)"‘i(kf]D —kﬁD)arctan(u" j @2n
T
(22)

where, in Eqn. (21), a is a parameter regularizing the ten-
sion—compression transition, and k,  is a non-dimensional
material constant indicating the weight of the new duffing
contribution. The grain-scale normal stiffness asymmetry
under tension and compression was inspired by the work of
Misra and Yang (2010) on cohesive materials modeled via
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pseudo-bonds. The first and third terms in Eqn. (20) are the
standard ones that are minimally needed to describe linear
elastic behavior as discussed by Barchiesi et al. (2021);
Placidi et al. (2021); Timofeev et al. (2021); Placidi et al.
(2022a, b, 2024); Yilmaz et al. (2024, 2025). The second
term in Eqn. (20) is quartic with respect to the elastic nor-
mal displacement ', and has been introduced in this work
to account for the grain-pair stiffening effect under com-
pression. Therefore, the behavior corresponds not anymore
to a linear standard spring but to a cubic (duffing) non-stan-
dard spring. The reason for such a new term is connected to
the necessity of including the nonlinear stiffening that
contacting grain pairs with rough surfaces experience un-
der compression (see Misra and Marangos, 2011; Misra
and Huang, 2012), which is a significant feature of the
uniaxial compression tests we aim to model in this paper.

Two damage variables reduce the damaged tension
and compression kg, normal stiffness, and the damaged
tangent k_, stiffness, as given by

o = k(1-D,)

kép =kg(1-D,) (23)

kp =k (1-D,)
where, kj and kg refer to the non-damaged normal stiffness
in tension and compression, respectively, and k_denotes the
non-damaged tangential stiffness. The sign of u{ deter-
mines whether the current direction &(or np pair) is charac-
terized by tension or compression. As illustrated in Fig. 1,
it is evident that k) < kf. As a approaches zero, an abrupt
transition between tension and compression is achieved
based on the properties of the Heaviside function. Note that
the value of a should be much smaller than #&'. The normal
D, and the tangential D, damage variables characterize the
damage phenomenon. The damaged stiffness (and the cor-
responding elastic energy described in Eqn. (20)) ap-
proaches zero when the damage quantities approach the
unity values.

Let us consider that within a specimen composed of
frictional granular material, there are possible M grain-pair

Compression o

ky(Normal Stiffness)

Tension

g (min) 0

ufll(Ela‘stic Normal Displacement)

ug! (max)

Fig. 1 Normal stiffness kTI under tension and compression as a function
of elastic normal displacement ug!.
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interactions. The total elastic energy is obtained by sum-
ming the elastic energy U™ over all such pairs as expressed
below

M
Uy = YU (24)
np=1
In line with the simple homogenization rule (see selected
works that also include a brief review about the details of
the adapted homogenization approach (Barchiesi et al.,
2021; Misra et al., 2021), an elastic energy density is as-
sumed with respect to the definition of the continuum as
follows:

Uy > U

M—x
1 1
=f5[3km>(uﬁ' +— kmD(unl) +5kTD(u$1)2}dl (25)

where all grain pairs are identified by their direction €. The
region S is the unit circle containing €, and d/ represents the
infinitesimal element dé, as elaborated by Placidi et al.
(2022b). Within an orthonormal frame of reference (O, &,,
¢,), the orientation 6 € [0,2x] identifies the unit vector,
€ = cost¢, + sin6é,, using polar coordinates. The stiffness
and damage parameters depend on the orientation in the
continuum descrlptlon ky, = k @), kg = km @), k.=
k:(60), Dy=Dy(0) and D, = D, (9)

The continuum elastic energy density can be expressed
using Eqns. (13)—(19) as follows:

U= ; CiarGyGap +— 3 szabch GuGea

ija
+ Z Nyjabeder GjGapGeaGeop + PGy (26)
where C,,, (4% — order), Lyabed (6™ — order), N, Q/V(S‘h -

order) and P, (2" — order) are elastic stiffness tensors.
These tensors are defined as follows:

S Jra
2] Sy (1= D)6 .0 () ol
+ LZI ke (1= D) ((614€ 165 +0:8€ 14 + 0 14CiC
+03,CiCq) —4CiC 16,C) dl (27)
Lijasea = =L | 3k (1= D) E618,84800 (ud)) I (28)

Niabeder = L [ ko (1= Dy) ¢ 8u6r8i8uécldl (29)
By = —L{ ky(1=Dy)éé; (ull)d!

_Ljsknn(l_Dn)éiéj (u£1)3 dl (30)

Ciiar Lijaveas Nijaeder and Ey comprise different powers of
the normal elastic relative displacement u¢!. These stiffness
tensors are obtained by integrating all the considered
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orientations using the trapezoidal rule. Because the quan-
tity P, is a function of plastic deformation and contributes
to the deformation energy density as a linear function of
strain, we choose to include it in the list of stiffness values.
Unlike previous studies by Placidi et al. (2021; 2022a; b),
the effects of the normal plastic relative displacement ug'
are seen both in Pij, also referred to as pre-stress tensor, and
in other higher-order stiffness tensors. In addition, the duff-
ing stiffness & injects the nonlinear effects in all other
elastic stiffness tensors. Finally, in Eqns. (27)—-(30), the
increase in damage results in a loss of stiffness. This loss
can be explained as a decrease not only in the buckling and
crumbling of chains and clusters due to normal damage but
also in the side support and enclosure of these structures
within grain neighborhoods from tangent damage.

2.3 Dissipation energy potential

We employed six fundamental scalar kinematic variables
(one vectorial and five scalar variables) to determine the
dissipation energy considering a generic grain pair: u, and
u? (normal and squared tangential displacements), as well
as D, D,, /4, and /4 (describing damage and plasticity).
The total dissipation energy potential /¥ can be divided into
damaged and plastic parts as follows:

W =Wy +W, (31)

where W, represents dissipated energy potential due to
damage while ¥ represents dissipated energy potential
due to plastic behavior. The term W}, can be further decom-
posed into its normal and tangential parts as follows:

Wy = W3+ WS (32)
where
1 2 T
Wy = Ek" (B,)? [—Dn + — tan (? Dnﬂ (33)
and

W = %MBT)Z

[2+(D, =1)(2-2log (1= D)+ (log (1= D))’)]

In addition, B, and B_ are the characteristic displace-
ments associated with the normal and tangent damage
variables, respectively, which are expressed as follows:

(34)

1
By = By ) = (85 B) + L (5 - Bg)aretan[uj j

(35)

el

= %(BTO +“1Bro)+%(3ro —alBTO)arctanEM(: J (36)

here, a, introduces an additional constitutive parameter and

regularizes the amount of characteristic damage displace-
ments during tension. As explained for & in Fig. 1, the
distinction is established between the tension and compres-
sion states in terms of the elastic relative displacement for
the characteristic damage displacements B, and B,. This
process, where a approaches zero, was clarified in the pre-
vious Subsection 2.2, using the same properties of the
Heaviside function. Bf and Bﬁ, which are characteristic
normal damage displacements in compression and tension,
respectively, characterize normal damage dissipation, with
Bj < By relation assumed for lightly cohesive granular
materials. Because of this correlation, normal damage
reaches its limit faster in tension at very small elastic rela-
tive displacement. The characteristic tangent damage dis-
placement By explicitly governs B, with the interpretation
of parameters a and a.

W, denotes the dissipated energy potential due to plastic
behavior and is expressed as

w.

2
pl = (l - Dn) (Uﬁ% + O o ()’

05,050 + ol 5) (7)

where the plasticity yielding conditions are governed for
the coupled damage-clasto-plastic behavior under tension
and compression by the constitutive parameters oy and o
, respectively. The parameters oy, and oy, characterize the
plastic softening/hardening behavior under tension and
compression, and o5 introduces the coupling between the
evolution of the two plastic deformations. It is remarkable
that the plastic dissipation energy density W, differs from
that of previous works (Placidi et al., 2021; Timofeev et al.,
2021), and the coupling term is added for the first time in
the dissipated energy potential. In Subsection 2.4, the rele-
vance and effects of these constitutive parameters indicated
in the dissipation energy potential during one-dimensional
compression are discussed about irreversible quantities.

2.4 Hemi-variational formulation: governing
equations and Karush-Kuhn-Tucker
conditions

Let us define € as the action functional of the system
without considering the kinetic energy as follows:

— r _ Xt
&= Lo {[ W +mw)yda-uUe}dr (38)
where a monotonously increasing time sequence is de-
scribed with 7, € {#,}, _, . in which7, € R and F € N. In
addition, the external energy U is presented via the fol-
lowing expression:

Uext = J.Bbext udQ +J.atBtext -ud/ (39)

here, bext specifies the distributed external force on the do-
main B, and t*! is the other external force distributed over
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the boundary otB of the boundary 65, where Neumann
boundary conditions are employed.

Here, we denote displacement array u(X, ¢,) for each
time t= ¢, ¢,, ..., t,,. This series AM, gives kinematically
admissible displacements for a specific time ¢, and the
group AV, is the set of kinematically admissible variations
such that du(X, t,) € AV,. For instance, the imposed Dir-
ichlet boundary conditions on a part of the boundary, also
designated as 0,8, constrain the kinematically admissible
displacement. Thus, the overall boundary 0B is divided
into two parts as 0,3 for displacements and 0,53 for Neu-
mann (traction) conditions, such that 98 =0,B U 0,53,

u=u VXeod,B (40)

Damage and plasticity are considered irreversible kine-
matic quantities; thus, their admissible variation can only
be positive as

(5Dn,5DT,5i}1,5/1,°1) eR* xRt xR+*xR* (41)

The first variation of action functional (Eqn. (38)) with
respect to the six fundamental kinematic variables is de-
fined via the following relation:

OE = E(uy + Ottty + 0ty , 24+ O, 1S + 045, D,

(72
+ 0Dy, Dy +0D,) = & (1t 24,75, D. D) (42)
The deformation process progresses depending on the
increments in the kinematic quantities between two-time

steps, i.e., ¢, and ¢, |, which represent the current and previ-
ous times, respectively,

(Mg A, Ay, A5, AD, AD)
- (unnu‘[iairpi?])anDr)ti,l (43)

The increment energy is then expressed in the same
manner:

= (un’u /1 ;L D‘c)ti

T 7Me T]’

A5=5(un+Aun,utl_+Aut, AL, A+ AL, D

+AD,, Dy +AD,) = & (. 2,75, D, D) (44)

The applicable hemi-variational principle (see Timofeev et
al., 2021) where a detailed treatment is presented, is given
as follows:

AE <OE Y (ou)e AV,

(5Dn,5DT,§/1§],§/1$]) eR*xR*xR*xR* (45)

In light of the traditional variational approach, the gov-
erning equations, constitutive relations, and boundary con-
ditions are presented in relation to the application of the
hemi-variational approach as follows:

div(S)+b*t =0 VXebB, (46)
S=CG+LG?>+NG3+P VXe B, 47)
Sn=t=xt VXeoBB (48)

here, while S presents the stress tensor, n denotes the out-
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ward unit normal vector to the domain boundary. In this
paper, only homogeneous deformations are examined, i.e.,
the strain gradient terms are not included, G is a constant
strain with respect to X € B3, and the external body force
bext is null. This implies that the divergence of S in
Eqn. (46) is directly satisfied for X € B, due to both the
null external body force and the elastic stiffnesses in
Eqns. (27)—(30) are independent of the configuration.

Further, the following Karush-Kuhn-Tucker (KKT)-type
conditions are derived as follows:

1 2 1 4
{_?kn (”n — A+ ’1%) _ann (un - +'1$1)

2
+ ikn (Bn)2 [tan (% f)nﬂ -2 (1 - Dn) ((ff]/lﬁl +oi
F iy + oy (5)? + i) AD, =0 (49)

{—%kr (wd) + k. (BT)Z(log(l—DT))Z}ADT ~0 (50

a7+ 28) 5
+(1=D,) (4 + 2ty + s ) A2 =0 (51)

{0 = 24+ 25) e 1 = 24+ 55)’

H(1=Dy) (% + 208,75 + ol ) Al = 0 (52)

The KKT-type conditions can be described concisely in

relation to the four irreversible kinematic descriptors as
follows:

{Dy = D, (. 24, 2)} AD, =0 (53)
{D. =D, (u',u, )} AD, =0 (54)
{i Dy ) A4 =0 (53)
- (g Dmﬂa)}M— (56)

where D is the threshold function expressed via

D(uﬁl, )=1- exp[ Bbé;el)]=1—exp(_ ij (57)

n

In Eqns. (49)—(52), the threshold functions for the evo-
lution of damage and plasticity variables are obtained by
setting the equations in the curly braces to zero. Due to the
quartic power of the elastic normal displacement %5, non-
linear equations arise from the first variation of the elastic
energy equation (see Eqn. (21)) with respect to irreversible
quantities. Therefore, a numerical effort is required and
D,, 2%, and ¢ are updated using the irreversible quantities
from the previous time step as initial guesses in Eqns. (49),
(51), and (52), respectively. An iterative solution of the
nonlinear equations, until a certain tolerance of 10710 is
reached, provides the single root for each variable. Notably,
the D threshold function in Eqn.(50) is derived
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analytically as given in Eqn. (57). It is important to under-
line that the evolution of damage and plasticity depends on
the distinction between the tension and compression condi-
tions for normal stiffness in Eqn. (21) and characteristic
damage displacements in Eqns. (395) and (36) At the be-
ginning of the deformation history, D D,, . and lc are
null and evolve. Most importantly, damage and plasticity
(which are from a thermodynamic viewpoint entropic
quantities) do not decrease over time; their evolution con-
tinues if and only if the threshold value of the current time
step is higher than that of the previous time step. Other-
wise, these variables remain constant and fixed at the previ-
ous time step. At the limits where the elastic normal
displacement or normal displacement goes to infinity, nor-
mal and tangent damage increase asymptotically toward
unity. However, having the damage variables reach a value
of 1 is not desired because this nullifies the elastic stiff-
nesses, as clearly seen in Eqns. (27)—(30). In Eqns. (49),
(51), and (52), the predicted behavior of these irreversible
quantities under loading-unloading, including both D, and
the coupling term @5 between plasticity evolution, will be
examined in the next section. Remarkably, the coupling
term plays a crucial role with loading—unloading history
under one-dimensional compression by activating the ef-
fects of plasticity evolution on each other when 0' n 7 0.
Furthermore, the softening parameter o4y, for tenswn and
hardening parameter 0q, for compression regularize the
evolution of plastic deformation. Finally, note that the ori-
entation-dependent evolution of the irreversible quantities
is the same for all grains considered, regardless of which
grain is selected within the material.

3. Results and discussion
3.1 One-dimensional compression loading
conditions

As depicted in Fig. 2(a), one-dimensional compression
involves compressing granular material within a die (or
oedometer) with a piston plunging in the axial direction.
The material is completely confined within rigid boundar-
ies on all other sides, including the lateral sides. The
boundary conditions are schematically shown in Fig. 2(b),

<— Piston

-—Die

Granular
Material

() ' (b)

Fig.2 (a) Schematic illustration of one-dimensional compression of

granular materials. (b) Boundary conditions of one-dimensional com-
pression.

in which the roller support is both in the 1-direction (2 side
boundaries) and the bottom boundary of the specimen rep-
resents the rigid boundaries, while the axial compression is
represented by displacement # in 2-direction (top bound-
ary).

The numerical simulations were performed for a square
specimen with an edge length of S by subjected to loading—
unloading cycles. In the loading stage, the compressive
displacement is first increased in the vertical direction to
reach the maximum imposed displacement denoted by u.
Subsequently, in the unloading process, we decrease the
displacement, denoted by # = u—1 till the axial stress S,,
reduces to zero. In this simulation, the lateral strain G,, and
the shear strain G,, (or G,,) are zero, while the vertical
strain G,, = —G (G > 0) is calculated based on the displace-
ment field according to Eqn. (10) as follows:

u; =0, u2=%X2
1 0 0 0
=>F= i |=>G= i\ i
0 1+— 0 i(lj al GY
S 2\S S

Based on the numerical solution of Eqns. (49), (51), and
(52) and the analytical solution of Eqn. (50), the evolution
of damage and plasticity phenomena can be observed.
Further, we calculate the elastic stiffness tensors, Cab (4th
-order), L4 (6t - order), Nybe def(S‘h - order), and P, (2"
- order), by utilizing Eqns. (27)—(30). The vertical stress
S,, and the lateral stress S,, are defined in Eqn. (47) based
on the updated strain G,, by changing the compressive
displacement # (see Eqn. (58)).

3.2 Dependence of parameters on initial density
state and material type

The mechanical response under a uniaxial compression
test was simulated for three granular material specimens
derived from glass beads, Toyoura sand, and Masado sand,
as described by Wu et al. (2016). Since a 2D theoretical
formulation is utilized in this paper, an equivalence needs
to be established with 3D axisymmetric experimental mea-
surements, such that the stresses in 2D, which have a unit
of measure of force per unit length, can be properly mapped
to the experimental stress with a unit of measure of force
per unit area. For this equivalence, we consider that the 2D
model has a pseudo thickness, t, related to the cross-
sectional area of typically cylindrical samples, such that the
unit of measure remains consistent in the following man-
ner:

=Jm2, =0, (MPa) (59)

where r is the radius (typically 25.7 mm) of the specimen
used in the experiments.
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The model parameters can be determined by exploiting
the relationship between the material elastic modulus and
the void ratio e, as well as the identification of elastic mod-
ulus in terms of the microscale stiffness parameters given
by Barchiesi et al. (2021). For the case of 2D granular sys-
tem, the shear modulus is related to the microscale stiffness
parameters as follows:

L2
G :?(

ks + 4kT), k. =0.1k§ (60)
where the microscale tangential stiffness k,_ is assumed to
be a fraction of the normal stiffness ks, and L is the inter-
granular distance. Considering the experimental evidence
and analyses presented by Chang et al. (1989), we assume
that a simplified empirical relationship between the 2D
shear modulus and the initial void ratio e can be expressed
as follows:
A

Gap = Gemp = e—0® (61)
where the void ratio, i.e., e=V,/Vj, is determined as the
ratio of the void volume V, to the solid volume V', and 4 is
the material-specific constant. As our reference material for
parameter identification, we considered the experimental
measurements of Toyoura sand presented by Wu et al.
(2016). In these experiments, the initial void ratio of the
specimen was close to 0.62 (which can also be considered
as a mid-dense sand). It is reasonable to estimate that the
shear modulus at the unloaded state or at the initial incipi-
ent loading is extremely low, as is easily observable from
the initial part of stress—strain curves of granular materials
under compression (see, for example, Figure 4 of Wu et al.
(2016)). For our numerical calculations, we estimated an
initial nominal shear modulus of 230 Pa such that the 2D
shear modulus is G,, = 5.1 x 10° (J/m?). For these experi-
mental values of the initial void ratio and 2D shear modu-
lus, the material-specific constant 4 is found to be
985 (J/m?). Consequently, the normal stiffness & can be
identified from Eqn. (60).

For further discussion, the 2D shear modulus and normal
compression stiffness for our reference Toyoura sand (mid-
dense) specimen are symbolized with G,p and /Eﬁ’ respec-

Table 1 The simulation parameters for all specimens.

tively, as given in Table 1. To define the material properties
for the glass beads specimen (which behaved as a dense
granular packing) and the Masado sand specimen (which
behaved as a loose granular packing), the material stiffness
parameter of the Toyoura sand specimen /€n° were multi-
plied by 1.6 and 0.6, respectively. Given the initial 2D
shear modulus, either the initial void ratio or the materi-
al-specific constant 4 for these specimens can be calculated
using Eqns. (60) and (61), respectively. It is noteworthy
that the packing stiffness behavior is affected by both the
particle stiffness and the initial void ratio (initial density
states) in a similar manner (high particle stiffness or higher
initial density typically yield stiffer packing behavior). In
these cases, carefully controlled studies are needed to de-
termine the relative influences of a myriad of characteris-
tics of granular packing, including grain material types,
grain surface characteristics, grain particle sizes, grain
shapes, and packing density.

Further, we assign the compression characteristic dam-
age displacement By using a trial-and-error approach
through a fitting procedure. All other model parameters
were assumed to be the same for all three specimens.
Table 1 gives the material-specific constant 4, the shear
modulus G,p, the stiffness l;;, ky, and k_, the characteristic
damage displacements By, By, and B,,, the plasticity con-
stitutive parameters 0y, 05, Oy, Ofy, and oy, the side
length of a square specimen S, the average intergranular
distance L, the regularization factors « and a,, and the
duffing stiffness coefficient k.

In Table 1, we utilized non-dimensionalization to sim-
plify the simulation system by reducing the number of in-
dependent parameters. Non-dimensionalization provides
the way of material identification by rescaling the key
characteristic parameters. This technique was utilized us-
ing the stiffness parameter &3, the compression characteris-
tic damage displacement BY, and intergranular distance L
in our numerical simulations, as depicted in Table 1.

3.3 One-dimensional compression: comparison
with experimental results
To demonstrate the model’s performance and its capabil-
ity to replicate the macroscopic behavior in one-

A (J/m?) Gop (J/m2) [see Eqn. (60)] k¢ (J/m*)
985 5.1 % 10° 2.93 % 108
By (m) B, (m) oy (J/m?)
0.1 BS 0.1 BS 0

ol (J/m) S (m) L (m)
227 k¢ 0.1 0.01

k% (J/m®) k, (J/m®) B (m)
0.1 ks 0.1 & 6.08 L

oy (J/m?) T (J/m?) O (J/m*)
0.34 k5L 4.55 ky 227.27 ki,
o (m) o, kyn
2.5%x107 10 5.0 x 10*
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dimensional compression of granular materials, a set of
numerical simulations of the uniaxial test was performed
for the three specimens discussed in the previous section.
In Fig. 3, the model calculations and experimental results
(from Figure 9 of Wu et al., 2016) were plotted for compar-
ison. The experiments were performed in a cyclic manner
to reach a maximum stress o,, of 22.5 MPa with subse-
quent unloading to zero stress.

Fig. 3 illustrates that the glass beads specimen achieves
the maximum stress at a lower strain and exhibits dense
packing behavior. In contrast, the Masado sand specimen
exhibits loose packing behavior, requiring a considerably
higher strain to reach the same maximum stress level. The
stiffening behavior observed in granular materials can be
attributed to two primary mechanisms, one related to the
stiffening of the grain-pair contact due to compression and
the other related to the increased number of grain contacts
due to the rearrangement process during the loading stage.
At the beginning of the loading history (or at very low
strain), the stiffening response rate is slow for all cases. For
the glass beads specimen, significant stiffening is observed
with maximum curvature at relatively low strain (G = 0.02—
0.03) followed by a considerably steep slope of the stress—
strain response at higher strains (G > 0.05). The steep
stress—strain response indicates limited densification of
glass bead packing, which is also attested by the relatively
small change in the void ratio reported in the experimental
data (see Figure 3 of Wu et al., 2016). Masado sand, which
is considered a soft material, undergoes large deformation
at the same stress level. Clearly, in this case, the rearrange-
ment of particles accompanied by the collapse of granular
structures as well as particle fragmentation plays an im-
portant role. In this case, two significant points must be
considered. First, the large deformation of the specimen
requires that finite deformation measures be used for de-
scribing the behavior as used in the current paper. Second,
and importantly, this granular material experiences both
considerable damage (defined as combined effects of grain-
scale mechanisms, such as collapse/buckling of particle

o MPa (Vertical Stress)

G (Vertical Strain)

Fig.3 Vertical stress g,, versus vertical strain G for three different
specimens by replicating the experimental observations based on the
numerical simulations during the first loading—unloading cycle, reach-
ing a maximum vertical stress of 22.5 MPa.

chains and loss of lateral support or confinement of grain
neighborhoods) and plasticity (defined as the effective ac-
cumulation of plastic deformation resulting from grain
breakage and grain-pair sliding and separation). It is inter-
esting to observe that in this case, the stiffening effect is
considerably gradual in comparison with the packing of
both glass beads and Toyoura sand. The accumulation of
damage, with likely loss of stiffness, and plasticity for the 3
specimens is visible from the unloading behavior. Clearly,
for the case of the glass beads specimen, the proportion of
dissipated energy is likely to be higher due to the plasticity
mechanism than the loss of stiffness due to damage mecha-
nism. In the case of the Toyoura and Masado sands, both
mechanisms appear to contribute with plasticity being
dominant. The close agreement between the model results
and the experiments over the loading—unloading cycle is
encouraging, given that only normal stiffness Ky was varied
for the 3 specimens and all the other model parameters
were adjusted according to the prescription in Table 1. The
prediction, therefore, points to a nearly universal scaling
with respect to the model parameters exhibited by granular
materials of different types (or packing density).

Fig. 4 shows the void ratio e plotted against the logarith-
mically scaled vertical stress o,, based upon model calcula-
tions and experimental observations (see Figure 3 of Wu et
al., 2016). The model predictions provide an encouraging
agreement with the experimental observations. It can be
seen that the glass beads show the least change in the void
ratio, whereas the Masado sand exhibits the largest change.
A rapid decrease in the void ratio at high stress is typically
indicative of grain crushing. This is particularly true for
Masado sand, whose particle strength is known to be rela-
tively low (Nakata et al., 2001) compared to glass beads
and Toyoura sand. In Fig.5 we present the volumetric
strain defined as G, =G,, + G,,, and the vertical stress
(based on Figure 4 of Wu et al., 2016) on a logarithmic
scale for the three materials. Again, good agreement was
achieved between the prediction and experimental observa-
tions of the volume compaction behavior of the three mate-
rials. It is worthwhile to reiterate that only one model

00 oo g
6P =
é =4
= 0.5] |- Glass Beads
ﬁ, & Glass Beads-Experiment
o - Toyoura Sand
0.4 |o Toyoura Sand-Experiment
- Masado Sand
o Masado Sand-Experiment
0.3
1072 107! 10° 10! 102

o9 MPa (Vertical Stress)

Fig. 4 Void ratio e versus vertical stress 0,, for the glass beads, Toy-
oura sand, and Masado sand specimens, based on numerical simulations
during loading, reaching a maximum vertical stress of 22.5 MPa.
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parameter was varied to obtain predictions for the three
materials.

In Fig. 6, we investigate the relationship between the
vertical and lateral stresses through the evolution of coeffi-
cient, K;=o0,,/0,,, as the three materials undergo the
loading—unloading cycle. During the loading phase, the
lateral coefficient, which starts at around 0.15, under very
low stress, exhibits a gradual but slight increase as the
vertical stress rises. At the maximum stress, the coefficient

0.2
- Glass Beads
= & Glass Beads-Experiment
'£0.15( |- Toyoura Sand
7 o Toyoura Sand-Experiment
= - Masado Sand
2 0.1]|° Masado Sand-Experiment
3
<
~ 0.05
~ A
(A) u] L0
0= .
1072 107 10° 10* 10*

o9 MPa (Vertical Stress)

Fig. 5 Volumetric strain G,, versus vertical stress o,, for glass beads,
Toyoura sand, and Masado sand specimens, based on numerical simula-
tions during loading, reaching a maximum vertical stress of 22.5 MPa.

- Glass Beads Loading

- Glass Beads Unloading
- Toyoura Sand Loading

- Toyoura Sand Unloading
- Masado Sand Loading
Masado Sand Unloading

5 10 15
099 MPa (Vertical Stress)

Fig. 6 Lateral coefficient K, versus vertical stress 7,, for glass beads,
Toyoura sand, and Masado sand specimens, based on numerical simula-
tions during the first loading—unloading cycle, reaching a maximum

K, for soft (loose) material is higher than that of the stiff
(dense) material. In particular, the largest increase in K
value is observed for the Masado sand specimen. Under the
boundary conditions shown in Fig. 2, an increase in the
vertical stress inevitably causes an increase in the lateral
stress for all specimens due to particle rearrangement and
crushing and corresponds to the propensity to expand in the
1-direction. During the unloading stage, the lateral coeffi-
cient continues to increase gradually with unloading until
the low-stress ranges where a rapid increase is predicted.
The model predicted K, behavior follows the typical exper-
imental observations for granular materials during both
loading and unloading processes. We note, however, that
the present model somewhat under predicts the rapid in-
crease that is experimentally observed for the 3 materials
(see Figure 15 of Wu et al., 2016). Such discrepancy can be
remedied by further refinement of the grain-pair elastic
energy functional to include a higher-order dependence on
tangential displacement and the inclusion of plastic dissi-
pation potential due to tangential displacement. It is also
notable that the present energy-based approach is distinct
from previous approaches that typically invoke macroscale
phenomenological concepts, such as Mohr-Coulomb fric-
tional models, with ad hoc modifications to explain such
loading—unloading K|, behavior. In this work, the predicted
K, behavior emerges from microscale assumptions of elas-
tic deformation energy and dissipation potential.

Figs. 7 and 8 further elaborate the predictive capacity of
the present approach. Fig.7 gives the axial loading—
unloading behavior for the three granular materials with
unloading performed at different loading levels. Fig. 8
gives the corresponding lateral stress versus axial stress
behavior. Two observations are evident for all three materi-
als. First, the materials stiffen as the loading level is raised;
however, the stiffening rate is highest for glass beads, fol-
lowed by Toyoura sand and then Masado sand. We also
note that in Fig. 7c, at the large loading level, there is a

stress of 22.5 MPa. tendency for stiffening to slow down, and likely
25 25 25
- 2.7 MPa Loading - 2.7 MPa Loading - 2.7 MPa Loading
2.7 MPa Unloading « 2.7 MPa Lfnl(m(fmg 2.7 MPa Unloading
20ll™ 6.75 MPa Loading 201l 6.75 MPa Loading 20 6.75 MPa Loading
= 6.75 MPa Unloading < 6.75 MPa Unloading - - 6.75 MPa Unloading
- 13.5 MPa Loading - 13.5 MPa Loading 13.5 MPa Loading
= 13.5 MPa Unloading 13.5 MPa Unloading 13.5 MPa Unloading
15 2.5 MPa Loading 15]]= 22.5 MPa Loading 15 22.5 MPa Loading
5 MPa Unloading 22.5 MPa Unloading

099 MPa (Vertical Stress)

ot

0.1

G (Vertical Strain)

(a)

0.1

G (Vertical Strain)

(b)

o MPa (Vertical Stress)

ot

0.1
G (Vertical Strain)

(c)

0.15

0.2

Fig. 7 Vertical stress o,, versus vertical strain G for glass beads (a), Toyoura sand (b), and Masado sand (¢) specimens based on numerical simula-
tions during the first loading—unloading cycle, each reaching different maximum stresses.
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- 2.7 MPa Unloading = 2.7 MPa Unloading

= 6.75 MPa Loading 6.75 MPa Loading
41| 675 MPa Unloading = 6.75 MPa Unloading

- 13.5 MPa Loading 13.5 MPa Loading

= 13.5 MPa Unloading -+ 13.5 MPa Unloading
||~ 22.5MPa Loading 22.5 MPa Loading
31|~ 225 MPa Unloading = 22.5 MPa Unloading

- 2.7 MPa Loading

= 2.7 MPa Unloading

= 6.75 MPa Loading

= 6.75 MPa Unloading

- 13.5 MPa Loading
all 13.5 MPa Unloading

- 22.5 MPa Loading

= 22.5 MPa Unloac

5 10 15 20 25 5 10

099 MPa (Vertical Stress)

(a)

099 MPa (Vertical Stress)
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Fig. 8 Lateral stress g, versus vertical stress o,, for glass beads (a), Toyoura sand (b), and Masado sand (¢) specimens based on numerical simula-

tions during the first loading—unloading, each reaching different maximum stresses.

transitioning to softening. Such a transition to softening has
been observed at large loading levels in classical experi-
ments (Hendron, 1963). Second, the dissipated energy, as
indicated by the area of the loading—unloading loop, in-
creases with loading level, however, the dissipation is the
highest for Masado sand, followed by Toyoura sand and
glass bead. It is clear that not only glass bead particles have
higher stiffness and failure strength than the two sands, but
also that the packing density of almost monodispersed
glass beads is high. In contrast, it is likely that the particle
stiffness/strength as well as the packing density of the more
polydispersed sands exhibit lower. The model parameters
used in the prediction reflect the particle and packing char-
acteristics. The consequence of these characteristics is the
different stiffening behavior and energy dissipation pre-
dicted for the three granular materials. It is remarkable that
the predicted results are confirmed by the experimental
observations, both for the vertical stress—strain response
shown in Fig. 7 and lateral stress versus vertical stress re-
sponses in Fig. 8 (see also Figures 6—8 of Wu et al., 2016).

3.4 One-dimensional compression: parametric
study

The nearly universal scaling observed in comparison
with the model predictions in experiments was exploited to
perform a suite of parametric study under one loading—
unloading cycle as well as under repeated loading—unload-
ing cycles. In these parametric studies, we also examined
the behavior of lateral stress during 1D compression as
well as microscale quantities including the directional
evolution of grain-pair elastic energy and the grain-pair
dissipation parameters of damage and plasticity. These
parametric studies are interpreted as those for specimens
with three different density states following from the dis-
cussion in the previous section related to the experimental
behavior.

3.4.1 Scaling in loading—unloading cycle for one-
dimensional compression

Fig. 9a plots the vertical stress S,, against the vertical
strain G responses for three specimens (denoted as dense,
mid-dense and loose) under loading—unloading cycles.
During the simulations, a maximum displacement of
#=0.01 m is applied along the vertical direction, until a
strain G = 0.1 was achieved. As expected, the loose speci-
men exhibits the lowest resistance at the same compaction
compared with the dense specimen. As noted above, the
compaction behavior can be scaled by considering either
the particle stiffness or the initial void ratio (initial density
states). In this study, the three density states were achieved
by simply varying the particle stiffness k5. In Fig. 9b, we
present the normalized vertical stress S,, (= S,,/ kgL?)
versus the vertical strain G behavior where the vertical
stress normalization is obtained by dividing the stress val-
ues by the product of material stiffness (k) and squared
intergranular distance (L), i.e., k5L?, resulting in a non-
dimensional quantity in terms of the unit of measure. We
can observe that all curves merge into one, suggesting that
universal scaling for 1D compression is possible. It is par-
ticularly noteworthy that the model parameters can be cat-
egorized into the equivalence class based on the stiffness
k¥ and intergranular distance to explain the scaling. Fur-
ther, it is notable that the stiffness k5 represents not only the
stiffness of a grain pair isolated from the assembly, but also
the effect of the neighboring grain packing (see also the
discussion in Misra and Poorsolhjouy (2017)). In this
sense, the model parameters in our presented approach
represent the effect of the neighboring grain packing on the
grain-pair behavior. Therefore, such an effective grain-pair
representation is different from that used in discrete models
of granular materials.

Fig. 10 presents the corresponding lateral stress S, ver-
sus the vertical stress S,, for the three cases. The lateral
stress results from the tendency of specimens to dilate
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Fig. 9 (a) Vertical stress S,, versus vertical strain G obtained from numerical simulations for dense, mid-dense, and loose specimens during the first
loading—unloading cycle, reaching a maximum strain of G=0.1. (b) Normalized vertical stress S,, versus vertical strain G obtained from numerical
simulations for dense, mid-dense, and loose specimens during the first loading—unloading cycle, reaching a maximum strain of G=0.1. The stress

normalization is performed by dividing the vertical stress kSL?.
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Fig. 10  Lateral stress S,, versus vertical stress S,, obtained from nu-
merical simulations for dense, mid-dense, and loose specimens during
the first loading—unloading until reaching a maximum strain (G = 0.1).

laterally due to positive Poisson’s effect and the confining
lateral boundary conditions as the vertical stress increases.
It is notable that the vertical stress, typically, increases at a
faster rate than the lateral stress, although with a minor
slowdown. Upon unloading, the rate at which the vertical
stress decreases is typically faster, such that the lateral
stress near complete unloading is higher than the vertical
stress, which also agrees with classical experimental obser-
vations (Hendron, 1963). The resulting lateral-to-vertical
stress ratio (also known as coefficient of later pressure
K, = 0,,/0,,) can become greater than 1 during unloading.
It is notable that the rate of change of the vertical and lat-
eral stress is determined by the directional evolution of
damage and plasticity, which will be examined in detail in
a later section.

3.4.2 Repeated loading—unloading under one-
dimensional compression
Fig. 11 shows the stress—strain response for a mid-dense
specimen under one-dimensional compression for repeated
loading—unloading over 2-cycles: 1% Loading, 1% Unload-
ing, 2" Loading, and 2" Unloading. Under 1D compres-
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Fig. 11 Vertical stress S,, versus vertical strain G obtained from nu-

merical simulations for a mid-dense specimen at maximum strain
(G =0.1) during two cyclic loading—unloading.

sion, the material experiences most damage and plasticity
during the 1%t load—unload cycle. During the 2" loading,
the initial response is noticeably softer compared to the 1%
loading. However, the stiffening proceeds rapidly until the
original stress—strain curve is intercepted, beyond which
the response follows the virgin or 1%t loading curve, as
widely observed in experimental studies of granular geo-
materials (see, for example, Lambe and Whitman, 1991). It
is encouraging to observe that the 2" unload curve follows
the 1%t unload curve as is typically observed. Finally, as
expected, we observe that the energy dissipation in the 2"
loading—unloading cycle, reckoned as the area of the load—
unload loop, is considerably smaller than the 1% cycle or
virgin loading as the material undergoes less damage/plas-
tic evolution.

3.4.3 Directional evolution of elastic energy,
damage, and plasticity
A key aspect of the proposed model based on granular
micromechanics is that the discrete nature of granular ma-
terials is accounted for by the effective behavior of the
grain pair. Thus, the evolution of elastic energy, damage,
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and plasticity of grain pairs oriented in various spatial di-
rections can reveal important insights into the emerging
macroscale response of granular materials. Fig. 12 shows
the polar plots of the elastic energy evolution of effective
grain pairs oriented in different directions for the simula-
tions described in the previous section. The loading—
unloading-reloading stages were divided into four different
vertical strain intervals in columns (i), (ii), (iii), and (iv).
Further, for each polar plot, 10 equal steps within the verti-
cal strain range were considered. We observed that the
clastic energy exhibits a gradual increase in all directions
during 1% loading with a larger increase, as expected, in
grain pairs oriented closer to the direction of loading (ver-
tical or 2-direction). Since the grain-pair elastic energy in-
cludes a quartic dependency upon the grain-pair normal
displacement, an anisotropic stiffening in the loading direc-
tion evolves, which is reflected in the directional distribu-
tion of the elastic energy. Clearly, the direction of the larger
grain-pair energy results reflects a higher elastic stiffness in
that direction. In this sense, GMA provides the advantage
of directly connecting the microscale stiffening to the
emergent macroscale stiffening of the granular material.
During unloading, a part of the stored elastic energy is
recovered, as seen by the reduction of elastic energy in the
vertical direction (neighboring orientation of 90°) as seen
in row 2 of Fig. 12, in which the unloading proceeds from
right to left. It is interesting to note that the vertical direc-
tions unload faster, in contrast to almost uniform rate of
increase in all directions during loading. This phenomenon

is particularly visible during unloading at strains below
0.05. Such elastic energy evolution for the effective grain
pairs is influenced by the assumed dissipation behavior in
the tangential direction, which is only due to damage. In
particular, for grain-pair orientations inclined with respect
to the principal loading direction (vicinity of 45°, 135°,
225°, and 315°, respectively), the elastic displacement, es-
pecially in the tangential direction, decreases at a slower
rate. Consequently, the elastic energy reduction in these
inclined directions is more gradual than in the vertical di-
rection. In the subsequent load—unload cycle, a similar
phenomenon is observed, but with nuanced variation influ-
enced by both the directional evolution of damage and
plastic displacements, as depicted in Figs. 13—16. During
loading, the normal damage (Fig. 13) and plastic multiplier
(Fig. 15) evolve faster in the direction of principal loading
(neighboring orientation of 90°). The result is that the nor-
mal stiffness in these directions is reduced. In addition, the
elastic displacement in these directions decreases at a faster
rate during unloading and grows at a slower rate during the
2" Joading. As a consequence, the evolution of elastic en-
ergy takes a flat 8 shape, as shown in the 3 row of Fig. 12.

It is further notable that the directional evolution of
damage and plasticity leads to the induction of anisotropy
as the loading progresses. The anisotropy development is
also influenced by the quartic dependence of the effective
grain-pair elastic energy on the elastic normal displacement
us! with the duffing stiffness k,, in Eqn. (25). Undoubtedly,
the directional evolution of microscale elastic energy,
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Fig. 12 Polar plots of elastic energy U for a mid-dense specimen during cyclic loading—unloading under one-dimensional compression at different

strain intervals.
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Fig. 13 Polar plots of normal damage D, for a mid-dense specimen during cyclic loading—unloading under one-dimensional compression.
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Fig. 14 Polar plots of tangential damage D_ for a mid-dense specimen during cyclic loading—unloading under one-dimensional compression.
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Fig. 15 Polar plots of the compression plastic multiplier 4 for a mid-dense specimen during cyclic loading—unloading under one-dimensional com-
pression.
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Fig. 16 Polar plots of the tension plastic multiplier 4} for a mid-dense specimen during cyclic loading—unloading under one-dimensional compression.

damage, and plasticity, as illustrated by the polar plots, play 4. Conclusion

an important role in understanding the hardening/softening The novel contribution of this study is to apply the gran-
behavior, loading-unloading path dependency, and defor- ular micromechanics approach (GMA) for developing a
mation mechanisms. continuum model that replicates the experimental
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observations in one-dimensional compression according to
constituent grain stiffness or different initial density states.
We have shown that the emergent macroscale behavior can
be explored by utilizing properly conceived damage-
elasto-plastic spring elements in the normal and tangential
directions, which represent the effective behavior of grain
pairs in a granular material. In the presented approach,
damage is defined as the loss of stiffness, structural integ-
rity, and lateral support due to the interplay of microstruc-
tural mechanisms such as rotation/sliding of particles and
compaction, while plasticity is defined as the cumulative
irreversible displacements due to grain rearrangement,
grain fracture and crushing, and buckling/collapse of parti-
cle chains. The elastic energy functionals and the dissipa-
tion potential of the grain-pair damage-elasto-plastic spring
elements have been modified from the previous works
(Placidi et al., 2021, 2024; Yilmaz et al., 2024, 2025) by
implementing a quartic dependence on the elastic normal
displacement into the elastic energy and a coupling term
into plastic dissipation potential.

The model was applied to simulate the one-dimensional
compression response. The results were obtained not only
as the stress—strain responses but also as polar plots of the
effective grain-pair elastic energy and coupled damage and
plasticity when subjected to uniaxial compressive displace-
ment. The stiff and soft specimens were proportionally de-
termined according to the material stiffness of the mid-dense
specimen and their stress—strain responses varied at the
same rate. Typical experimental test data and predicted re-
sults were compared for validating the model. The model
results were in conformity with the initial linear behavior,
evident curvature, secondary linear increase, and peak
stress. The model was able to correctly predict the observed
variation of void ratio and volume strain during loading. In
addition, the model was able to replicate the lateral-to-axial
stress-ratio behavior under loading—unloading cycle and,
more significantly, the growth of this ratio under unloading.
A parametric study was conducted, which revealed that the
one-dimensional compression behavior has universal scal-
ing for different constituent grain types or packing density.
The results of the parametric study were also used to inves-
tigate the directional evolution of elastic energy, damage
and plasticity, during loading—unloading-reloading pro-
cess.

In future work, path-dependent analysis can be simu-
lated by implementing additional deformation mechanisms
into the effective grain-pair elastic energy and dissipation
potential. Additionally, the model can be refined by incor-
porating plasticity in the tangential direction and establish-
ing coupling terms between normal and tangential
irreversible quantities. The resultant GMA-based model
can be applied to unravel the behavior under homogeneous
deformations or under non-homogeneous conditions by
implementation in finite element analysis. For instance,

further advancements can be made in understanding the
mechanical behavior of granular materials under various
loading conditions by combining the findings of Placidi et
al. (2021, 2024), Timofeev et al. (2021), and Yilmaz et al.
(2024, 2025).
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