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Over the past decades, the prevalence of machine
learning (ML) methods has made the development of
ML-based constitutive models for granular materials
undoubtedly a popular subject. Numerous studies
have been made to feature the loading path or
history-dependent stress—strain response of granular
media using neural networks. In this work, a novel
finite element method (FEM)-ML multiscale
approach was developed by incorporating internal
variables to improve the simulation accuracy of 3D
history-dependent granular materials for the first
time. To this end, a surrogate constitutive model
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based on the single-step-based multi-layer perceptron (MLP) neural network was used to replace representative volume element (RVE)
simulations conducted by the discrete element method (DEM) in the multiscale FEM—DEM approach. Although the prediction principle
of the MLP aligns with the FEM algorithm, artificially added internal variables are required to differentiate the loading history. To address
this issue, history variables associated with the Frobenius norm are proposed to be fed into the MLP coupled with the strain tensor to
extract the history-dependent behaviour of granular assemblies. The developed FEM—-ML approach was demonstrated in 3D conventional
triaxial compression (CTC) simulations. Compared to the multiscale FEM—DEM approach, the proposed FEM—ML method exhibits a

significantly improved computational efficiency.

Keywords: path-dependent constitutive response, machine learning, multi-layer perceptron, multiscale modelling, granular materials

1. Introduction

Granular materials consist of discrete particles that inter-
act in ways that are highly dependent on the shape, size,
and material properties of the grains. This discrete nature
makes the mathematical description of granular systems
challenging. At the macroscale, granular materials are typ-
ically regarded as a continuous medium and are studied
within the framework of continuum mechanics. Recent
advancements in continuum phenomenological models
have enabled the capture of some complex deformation
behaviours of granular media, such as non-coaxiality (Tian
and Yao, 2017), strain localisation (Desrues and Ando,
2015), anisotropy (Yin et al., 2010), and path dependence
(Hu et al., 2018). However, these continuum-based consti-
tutive models or numerical methods normally smeared out
the microscopic features of granular materials at the grain
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scale (Guo and Zhao, 2014) and thus failed to accurately
capture the inherent heterogeneity and discrete nature of
granular assemblies. This limitation can lead to an oversim-
plified representation of critical phenomena like particle
interlocking and localised failure mechanisms, which are
crucial for understanding the deformation features of gran-
ular media under various loading conditions. Additionally,
traditional constitutive models tend to be sophisticated for
fitting one specific experimental phenomenon, inevitably
introducing parameters that lack physical meaning but re-
quire significant calibration effort (Qu et al., 2021).

The emergence of the coupled finite element method—
discrete element method (FEM-DEM) multiscale ap-
proach, bridging the microscale discrete nature to the
macrocontinuum feature of granular materials (Andrade
and Tu, 2009; Andrade et al., 2011; Guo and Zhao, 2014,
2016; Qu et al., 2021), provides a promising way to solve
these challenges. In the FEM—DEM approach, unlike tradi-
tional FEM, each Gaussian point in the FE element is as-
signed an RVE to calculate the local stress response by the
DEM and homogenisation (Geers et al., 2010; Li et al.,
2010; Miehe et al., 2010) over a particle assembly. This
discrepancy allows a more faithful characterisation of the

Copyright © 2026 The Authors. Published by Hosokawa Powder Technology Foundation. This is an open
access article under the CC BY license (https://creativecommons.org/licenses/by/4.0/).
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micro-discrete nature of the granular material and bypasses
the phenomenological assumptions. However, the FEM—
DEM technique inherently suffers from a significant com-
putational burden because the DEM solver in this approach
normally needs to simulate the interaction among a large
number of particles, particularly in 3D modelling prob-
lems.

Recent machine learning methods enable the develop-
ment of neural network-based models that can replicate the
designated constitutive laws with superior computational
efficiency. For instance, Ma et al. (2022) and Qu et al.
(2021, 2022) developed a recurrent neural network (RN-
N)-based constitutive model with the data generated from
the discrete element modelling to predict the stress—strain
response of granular materials; Wang et al. (2022) explored
the feasibility of constructing a temporal convolutional
neural network (TCNN)-based model to forecast the con-
stitutive response for granular media. However, all these
networks are multi-step-based, which is not compatible
well with the single-step-based standard FEM. Despite be-
ing integrated into the FEM (Logarzo et al., 2021; Zhang et
al., 2021), these time-sequential neural networks face
challenges in terms of computational efficiency because
their complex architecture introduces too many weighting
parameters and results in complex prediction operations.

On the other hand, the single-step-based multi-layer
perceptron (MLP) is aligned with the traditional FEM and
achieves better computational efficiency; however, it is
unable to identify the loading history-dependent mechani-
cal behaviours of granular materials by themselves. There-
fore, it requires the assistance of internal/history variables
as extra input features (Basheer, 2000, 2002). Earlier this
year, Frobenius norms of state variables were proposed by
our group (Wang et al., 2024) to improve the MLP-based
ML surrogate model for 2D simulations of granular materi-
als. However, a theoretically rigorous and computationally
effective method for parameterising history variables for
the MLP is still lacking for developing a data-driven multi-
scale method for real-world 3D granular materials.

The objective of this work is to develop a data-driven
multiscale approach for better prediction of the mechanical
behaviour of 3D granular materials. To this end, the
Frobenius norms of state variables are proposed to assist
the MLP in incorporating the history-dependent features of
3D granular materials into the framework of the FEM—ML
approach for the first time. The surrogate constitutive
model informed by the proposed history variables is trained
by an MLP model from many DEM simulations of granular
RVE models and validated by predicting the stress response
of the RVE with the loading path beyond the training data.
Then, the developed FEM-ML computational platform
was applied to simulate different triaxial compression tests
with different loading paths for validation.
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2. History-variable-embedded FEM-ML
multiscale method
2.1 The FEM-DEM multiscale framework
As stated in our previous paper (Wang et al., 2024), the
FEM-DEM multiscale algorithm comprises two parts: 1)
the FEM solver, and 2) the DEM solver. The FEM is re-
sponsible for solving the boundary value problem (BVP),
and the discrete element modelling provides the constitu-
tive response to each Gaussian integration point. The mul-
tiscale FEM-DEM framework was developed by
integrating two open-source software packages: 1) Esys-
Escript (Gross et al., 2007) provides the function of the
FEM solver, and 2) YADE (Smilauer et al., 2023), which
provides the DEM solver.

2.1.1 The FEM formulation

In the standard FEM, the deformation of a continuous
macroscopic domain Q is governed by the current nodal
displacement q, of discretised finite elements and adheres
to the equilibrium equation under the quasi-static condi-
tion.

jg«t-Vut dQ:Irut~t dr+jgp u, b dQ (1)

where uw, is an unknown displacement field function,
u, = N-q,; N is the shape function; t and b represent the
traction imposed on Neumann boundary I" and body force,
respectively; p is the bulk density of the material; o, de-
notes the stress vector of the current load step.

In the FE system, the displacement field u, can be solved
by minimising the total potential energy I1(q,) of the € ac-
cording to the principle of minimum potential energy:

1
H(qt) =eqTKtqt -Tq; (2)

where K, represents the current global stiffness as assem-
bled by the constitutive/tangential operator D,

K= j JB'DBdQ (3)

B =LN and L is a differential operator; T, represents the
external forces of the current load step consisting of the
following two items:

T, = j NTedr + j PN @)

To find the minimum value of the total potential energy
of Q, the partial derivative of II(q,) to the nodal displace-
ment g, is set to zero:

6H(qt) — Ktqt

oq,

In the linear problem, Eqn. (5) can be solved directly.
While granular normally behave highly

~T,=0 (5)
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nonlinearly, the Newton—Raphson method is leveraged to
iteratively solve Eqn. (5):

K ml¢.m =Rem =T K ml, m) (6)

where R, ) is the residual force and the subscript m rep-
resents the obtained results of the m-th iteration at the ¢ load
step.

2.1.2 RVE-based stress—strain response

In the FEM-DEM multiscale method, the RVE embed-
ded in each Gaussian point provides the local stress re-
sponse of the granular material. The FEM-solved
displacement field u is sent to the corresponding RVEs in
the form of Vu, serving as their loading condition. Then,
the o, or D, are derived from each RVE by the DEM and are
returned to the FEM solver to drive the macroscopic simu-
lation for the next round iteration.

In the DEM, the interparticle contact relationships gov-
ern the stress tensor and tangential operator of a particle
assembly. With different homogenisation hypotheses, such
as Voigt’s hypothesis (Kruyt and Rothenburg, 1998), the
stress tensor can be obtained as follows:

1
c=—> d°®fc @)
v Ne
where N, is the total number of contact pairs.
The tangential operator can be estimated from the homo-

genised modulus of the packing as follows (Guo and Zhao,
2016):

D= iZ(knnc Rdc ®n° Q@d¢ +ktc ®d° @t ®d°)
Vv Nec (8)

where n¢ and t° are the contact norm and tangential vectors,
respectively; d¢ is the branch vector connecting the centres
of two particles and t¢ denotes the contact force between
them.

To compute f*=f ¢+ f¢ at one contact, Hertz’s contact
model is employed in this work. The normal contact force
f ¢ is given by f ¢ = —k 0n° and the tangential contact force
fe is calculated as f¢ =—kodu' and || £¢ [|<p|| f © ||, where &,
and k, represent the norm and tangential contact stiffness,
respectively; o represents the overlap between two con-
tacted grains; u' is the tangential displacement; p is the
friction coefficient.

2.2 The history variables-embedded ML
constitutive model

The remarkable mapping capability and high computa-
tional efficiency of the data-driven method make it a prom-
ising approach for describing the stress—strain response of
granular media. However, the constitutive behaviour of a
particle collection is normally history-dependent, and solv-
ing this time-sequence problem is a key challenge that in-

fluences the construction of ML surrogate constitutive
models.

2.2.1 History-dependent behaviour of ML
constitutive models

Both single-step and time-sequence neural networks are
extensively leveraged to model the history-dependent con-
stitutive response of granular materials. With specific ar-
chitectures, time-sequence networks, such as the gated
recurrent unit (GRU) and long short-term memory (LSTM),
naturally consider historical strain states to predict the
stress state 6 of the current time step. However, their
multi-step nature is contrasted with the single-step-based
FEM, and the complex network structure makes them not
sufficiently efficient to be trained. Thus, they are less ideal
for developing FEM—-ML schemes.

On the other hand, as shown in Fig. 1, although single-
step-based networks like MLP are aligned to the standard
FEM algorithm, their predicted stress 6 depends solely
on the current strain state £ by:

60 = fMLP(s(t): W{WD WZ’ W3}:b{b1’ b29 bS}) (9)

where W and b represent trainable parameters; thus, no
history information is explicitly considered. Therefore, the
artificially added internal/history variables ¢ must feature
the loading history, i.e., unloading and reloading.

There are typically two methods to select the history
variables for single-step-based networks, as illustrated in
Fig. 2. The first scheme leverages the predicted state argu-
ments as history variables. For example, as shown in
Fig. 2(a), literatures (Basheer, 2002; Drakos and Pande,
2015; Hashash and Song, 2008; Sidarta and Ghaboussi,
1998) employ the predicted stress state 6¢~D and the strain
state €1 at last time step as history variables. The second
approach (Huang et al., 2020; Wang et al., 2024) directly
features history variables from the current state parameters

Hidden layerl

0(‘ W, Output
W N

/X ,
i Ty

PGP

Hidden layer2

Fig. 1 Basic architecture of MLP.
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Fig.2 Different methods for selecting history variables for MLP: (a)
Scheme 1; (b) Scheme 2.

(see Fig. 2(b)) where A represents the material parameters
of the granular media. Compared to the second method, an
unavoidable issue in the first scheme is that any prediction
errors in the state variables affect the next time-step predic-
tion, which introduces the accumulated errors to the net-
work and can ultimately lead to the breakdown of the entire
prediction system. In addition, the prediction process in the
first scheme runs serially, which is less efficient than the
second approach, where the prediction for each time step is
independent. Despite these advantages of the second ap-
proach, the parameterisation of history variables remains a
tricky issue.

2.2.2 Parameterisation of internal variables based on
state variables
In this work, to replace the function of RVE in the FEM—
DEM method using the ML method, an MLP-based consti-
tutive model, which can capture the loading history, was
developed. As shown in Fig. 3(a), in one CTC loading
case, which includes the unloading and reloading stages,
the situation where the same strain state (e.g. the strain state
at both Point1 and Point2) corresponding to different stress
states (i.e. 6, and 6,") occurs. Consequently, internal vari-
ables are required as the extra inputs of the MLP to transfer
the “one-to-many” mapping to a surjective (“one-to-one”
or “many-to-one”) such that the MLP can learn the loading
history-dependent stress—strain relationship, which can be
formulated as follows:

6(0 = fMLP(a(t)’ (P(t){ (Pl(t)v"! (Pn(t)}’w’b) (10)

where @O represents history-dependent state variables.

To avoid the error accumulation problem discussed in
Section 2.2.1, this work selects state variables of the cur-
rent time step. However, unlike phenomenological models,
the DEM performs history-dependent constitutive be-
haviour by updating the kinematic characteristics and con-
tact forces between particles by physically intuitive contact
laws along the timeline, leading to the absence of explicit
internal variables available to represent the loading history
for MLP models. Consequently, it is crucial to visualise
history parameters from the state variables of the RVE to
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Point1
\

O,

Fig.3 Principles for selecting history variables: (a) the stress—strain
relation under reversal CTC loading case; (b) the different loading paths
to one stress—strain state.

assist the ML model in learning the different loading states
of the granular media.

In this study, a novel parameterisation scheme for his-
tory variables is proposed based on the following princi-
ples: 1) the history variables used in MLP should not
introduce accumulated errors to the prediction system; 2)
the history variables can be directly extracted from the
RVE model without extra experiment; 3) the loading his-
tory should be characterised with the minimum number of
internal variables in the MLP to reduce the computational
burden in both the data generation and network training
processes.

In FEM-DEM modelling, the accumulated absolute
strain increment Asy.(’) of each RVE is one of the easiest
measurable physical variables. It indicates the accumulated
deformation of the material in a specific direction at the
current time step and can be obtained from the strain se-
quence as follows:

0, t=0
Agl”(t) =Jt (11)
T 2k e 121
k=1

where the subscripts i, j € {1, 2, 3} in the 3D problem, and
a total of six independent components are included in this
tensor, which is coordinate-dependent. Inspired by the
Frobenius norm (F-norm), which integrates the effects of
all elements of a tensor, the Asy.(’) is further condensed into
a single variable [|Ag?)||.:

0 =[pe = (12)

This variable, which provides a non-negative scalar
value for integrating the deformation history, is adopted as
the first primary history variable @, in this study. Its
non-negative and monotonically increasing nature ensures
a mathematical surjective between the input and output
features of the MLP, effectively encoding the loading his-
tory.

In addition, it is important to account for the uniqueness
of the strain path when characterising the history variables
of the MLP. As illustrated in Fig.3 (b), different strain
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paths can correspond to the same [|Ag"||, such as the Vecrl
(Ag), Ag), Ag)') and Vect2 (Ag,”, Ag,”, Ae)"). Conse-
quently, unlike our 2D work (Wang et al., 2024), in which
at least two internal variables are required to aid the MLP
in capturing the different loading history, the 3D problem
necessitates the use of at least three internal variables to
ensure that the single-step-based neural network model
learns the unique strain path of the current load step.

In this study, the trace of the accumulated absolute strain
increment, Asy.(’), representing the accumulated volumetric
changes, is employed as the second history variable ¢,®.
This variable enables the MLP model to differentiate be-
tween various deformation modes, particularly those in-
volving dilatational effects that cannot be fully captured by
¢,. Additionally, a non-negative scalar, computed as the
product of all Asy.(’) components, is introduced as the third
history variable ¢,, to ensure the uniqueness of the load-
ing path in combination with ¢, and ¢,. The second and
third history variables are, respectively, formulated as fol-
lows:

0, = Ag, (13)

33
(P3(t) :HHASfj(t) (14)
i=1 j=I
Therefore, by replacing the RVE embedded in each
Gaussian point, the ML surrogate model used in this study
can be expressed as follows:

6" = fMLP(s(t)a (P(t){(pl(t)’ (pZ(t)’ (p3(t)} ’W’b) (15)

This work validates the feasibility and reliability of the
proposed parameterising scheme for history variables
through a specific ML-based finite element modelling.

2.3 RVE data-based FEM-ML approach

The core idea behind constructing the data-driven multi-
scale computational platform involves substituting the
function of the DEM solver in the FEM-DEM approach
with the ML models. Section 2.2.2 describes how to re-
place the RVE with an MLP to describe the constitutive
laws of granular media in the 3D stress—strain space. This
section further discusses how to use the ML method to
provide the tangential operator of granular materials, which
governs the update direction of the Newton—Raphson itera-
tion in implicit FEM, and finally to build the history-
information-embedded FEM-ML framework. In some
studies focusing on the development of a data-driven
FEM-ML framework (Ghavamian and Simone, 2019;
Hashash et al., 2004), the automatic differentiation (AD)
method was used to directly approximate the tangential
operator (D = 0o/0¢) or global stiffness matrix by K = of/ou.
This approach is feasible because the constitutive models
adopted at each Gaussian point are sufficiently smooth.
However, the stress—strain response of an RVE, which is a

collection of particles, exhibits significant fluctuations,
making the AD approach not suitable for this study.

Alternatively, in the proposed FEM—-ML approach, an-
other trained MLP provides the prediction of the tangential
operator. This is theoretically feasible because the strain
state and tangent stiffness matrix D can also maintain a
rigorous “one-to-one” mapping with the assistance of the
added history variables.

However, unlike the work on 2D problems (Wang et al.,
2024), where the MLP model can directly predict all 16
components of the tangential operator with relative ease
due to the simpler strain and stress relationships, accurate
prediction for the 81 components of the D matrix becomes
significantly challenging in 3D problems.

To solve this challenge, considering that there are six
independent components in the strain and stress tensor and
the symmetry of D, only the following 21 components
marked in Eqn. (16) are predicted to strike a balance be-
tween accuracy and computational efficiency while still
accounting for the necessary history variables to ensure a
unique and robust mapping.

Dllll D1112 D1113 D1122 D1123 D1133
D1212 D1213 D1222 D1223 D1233
Dl313 D1322 Dl323 Dl333

D= (16)
D2222 D2223 D2233
D2323 D2333
D3333

Then, the matrix D is reassembled and restored to 81
components to construct the global stiffness of the FE solu-
tion. Therefore, as shown in Fig. 4, two MLP models can
be trained in the proposed FEM—ML scheme to provide the
stress and tangent stiffness matrix for each Gaussian point,
respectively, which can be formulated as follows:

{Gm = [NNo(g®, {1, p,®, 950}, W, b)

17
Dt = fNND(s(t)o{(pl(t)o (p2(t)’ (P3(t)},w,b) ( )

Gauss
Integration

X .
o point
X o
KRN
SO 0%
B
T )
L 7P
R
DRRIE> N,
KR e\%
L FEM solver © \%

Predicted |
tangent

operator D,

Fig. 4 The proposed FEM—-ML approach for solving 3D problems.
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The detailed network structures and training parameters
of these two neural networks, including the number of
hidden layers, nodes in each layer, and learning rate, are
listed in Table 3 in Section 3.2. The neural networks used
in this study are implemented using the PyTorch library.

3. Validation of the MLP surrogate models

In this section, two triaxial compression simulations are
performed using FEM-DEM multiscale method on the
same 5 X 5 x 10-FE mesh but under two different loading
paths. Partial modelling data generated under the first load-
ing path are used to train two MLPs that provide the consti-
tutive response and tangential operator of the Gaussian
points for the FEM solver. The modelling conducted under
the second loading path was regarded as a contrast experi-
ment.

3.1 Data generation by FEM-DEM modelling
3.1.1 Preparation of the RVE for each Gaussian point

In the FEM-DEM multiscale simulation, the stress—
strain response of the RVE embedded in each Gaussian
point intrinsically controls the macroscopic deformation of
the granular media. Therefore, preparing an RVE is crucial
for hierarchical multiscale modelling. For a specific prob-
lem, the parameters of the particle, such as roundness,
roughness, and sphericity, in the RVE should be carefully
calibrated. However, the primary purpose of the current
work was to validate the methodology of constructing the
FEM-ML framework; thus, the simplest spherical particle
was used for demonstration.

The stress response of an RVE composed of a few parti-
cles exhibits significant deviations under the same loading
condition. Although the increased number of particles in
the RVE can relieve this problem, excessive grains in each
RVE can result in a computational burden in the FEM—
DEM simulation. To accelerate solving the local stress state
by the RVEs while ensuring their stable performance, 1000
particles are encompassed into each RVE, which has been
demonstrated as an ideal choice in FEM—DEM multiscale
simulation in the literature (Guo and Zhao, 2016; Thornton,
2000; Wang and Zhang, 2021). The detailed particle pa-
rameters used in the RVE are listed in Table 1.

Furthermore, before conducting the triaxial compression
modelling, each RVE was isotropically consolidated to
100 kPa along three principal directions with a friction co-
efficient of zero, which was restored to 0.5 during the
FEM-DEM multiscale modelling.

Table 1 Particle parameters for each RVE used in FEM-DEM modelling.

3.1.2 The triaxial compression modelling with the
FEM-DEM method

In this section, as shown in Figs. 5(a) and (c), respec-
tively, two triaxial compression FEM-DEM models are
conducted using the same cuboid specimen, each with a
height of 1.0 m and a square cross-section with a side
length of 0.5 m. In each multiscale simulation, first-order
accuracy was adopted during the FEM solving process,
meaning that only eight Gaussian points are utilised in each
cubic finite element, as shown in Fig. 5(b). As discussed in
Section 3.1.1, the pre-isotropically consolidated RVE com-
prising 1000 particles was prepared and embedded in
Gaussian points of the FE element, providing the local
constitutive response for the specimen. Eventually,
(5 x5x10 % 8) 2000 RVEs are used in each FEM—DEM
simulation.

Based on the meshed specimen, these two triaxial com-
pression models were respectively conducted under the
same boundary condition but with different reversal load-
ing paths (i.e., Pathl and Path2), as shown in Fig. 6. In
each simulation, the bottom of the sample was fixed and
displacement-controlled axial loading was applied to the
top surface of the specimen until the axial strains arrived at
4.5 % along different loading paths. Furthermore, a confin-
ing stress of 100 kPa was applied to the vertical and lateral
faces of the specimen during the initial loading stage.

The stress—strain curves of 1500 randomly selected
Gaussian points under the loading Pathl were employed to
develop the MLP model. Based on our previous experience
(Qu et al., 2023; Wang et al., 2022; Wang et al., 2024),
1500 samples were sufficient for training. We validate it
later in this section. The simulation result obtained under
loading path 2 serves as a validation test and is compared

i

o o

i g
/

77 |
Length x 0.5m

Y _/
y /

&

N

AR

Fig.5 Setup for the FEM-DEM modelling for triaxial compression:
(a) Modelling under Pathl; (b) Cubic finite element; (¢) Modelling under
Path?.

Particl b Particle size Mean particle Density Frictional Elastic modulus Poi L
articie number range (m) diameter (m) (kg/m3) coefficient u E (GPa) olsson's ratio v
1000 0.002-0.008 0.005 2650 0.5 0.3 0.3
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with the result obtained by the constructed FEM-ML
scheme under the same boundary conditions and meshes.
The detailed parameters used in these two simulations are
listed in Table 2.

451 f i f .
! : : ! V4
= Pathl:Modelling for Training V4
== = Path2:Modelling for Validation 4
V4
3.6
Y4
/
3\0’ 2.7 "/
~ .
£ / /
o /
& ’
© 1.8 4
< /
/
0.9 IA V4
: AY V4
\
v
0.0
0 10 20 30 40 50 60
Load-Step

Fig. 6 Different reversal loading paths in the two FEM-DEM simula-
tions.

Table 2 Detailed parameters used in two FEM-DEM multiscale models.

3.2 MLPs training in the FEM-ML framework

As discussed in Section 2.3, the FEM-ML method re-
quires two MLP models: NN_ to predict the local stress of
granular materials for validation and NN to provide the
tangent stiffness matrix for the FEM solver. The strain,
stress tensor, and tangential operator of randomly selected
1500 Gaussian points generated during Simulation 1 in
Table 2 were collected to train these two neural network
models, NN_ and NN|,. The datasets of the remaining 500
Gaussian points were excluded during the training stage.
For illustration, parts of stress—strain paths of the training
set are given in Fig. 7.

Before training these two MLP models, each variable in
the training set was normalised to the range of (0, 1) by

x— Xy
Xnorm = - (1 8)
Xmax - Xmin
where X .. X ., and X - denote the minimum, maxi-

norm
mum and normalised values of each variable. Then, these

normalised input features comprising six independent
strain components {&,,, g,%, g0, &,,, &,,0, &,,0} and
three proposed history variables{¢,?, ¢,?, @,®} are fed
into two different MLPs to respectively predict the

N Method Loadi th Data for Total load Time Unloading Reloading Number of
0 etho oading pa using steps (h) step step RVEs

1 FEM-DEM  Pathl Training 61 29.7 11 20 2000

2 FEM-DEM  Path2 Validation 57 24.8 10 16 2000
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Fig.7 The partial stress—strain paths of the training data.
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corresponding six stress components and the 21 elements
of the tangential matrix. The detailed training parameters of
each MLP model are listed in Table 3.

During the training process, the mean absolute error
(MAE) was adopted as the metric to quantify the error be-
tween the predicted value of the MLP and the ground truth.
The training results of the NNo and NN, are presented in
Fig. 8.

3.3 Validation of the proposed surrogate models
In this section, two well-trained MLPs (Section 3.2) are
embedded into the Gaussian points of the meshed specimen

1.8 le-1
= NNy:l0SS —— NNg:validation loss
— NNp:loss NNp:validation loss
1.5
1.2
0,008
# 0.9 0:006
s
0.004 f—\/\_f\.—yv\,"y\/\;\/\ A \
0.6
0,002
0.3 590 1595 600
0.0 ; - —
0 100 200 300 400 500 600
Epoch

Fig.8 Training results of NN_and NN,

Table 3  The training parameters used in NN_ and NN, models.

to solve the identical BVP with the Simulation 2 in Table 2
under the loading Path2. During the FEM—ML modelling
process, both the information of each Gaussian point (i.e.
stress—strain response and tangential operator) and the
solved macroscopic simulation results were recorded. The
results obtained by the developed FEM-ML strategy are
then compared with those obtained from Simulation 2 in
Table 2, aiming to provide a comprehensive assessment of
the developed data-driven multiscale framework.

3.3.1 The prediction of stress—strain response of
Gaussian points by MLP

As displayed in Fig. 9, the loading data collected from
selected 1500 Gaussian points (marked in purple colour)
from Simulation 1 in Table 2 are used to train NN _ and
NN, with the assistance of the proposed history variables.
Gaussian points whose data were not exposed during the
training stage are indicated in green. The trained models
were then encapsulated into each Gaussian point of the FE
mesh to solve the same BVP but under the loading Path2.
The stress solutions of all the Gaussian points obtained by
these two MLPs during the FEM—-ML simulation were
compared with those obtained from corresponding FEM—
DEM modelling in Table 2.

Fig. 10 shows the error between the stress states of the
Gaussian points solved by the DEM solver and the MLP.
The colour within each marker represents the absolute
prediction error. These prediction results demonstrate that
the performance of the MLP-based constitutive model is
comparable to that of the DEM solver in terms of stress

Hidden Units in . Learnin Epoch
Network Batch size & P Input features Output features
layers cach layer rate
NNo 4 20 64 0.0001 600 {e,9, €,,9, 859, £,,0, .0, {0,,9, 6,9, 5,,0,
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Fig. 9 Validation scheme of trained MLPs.
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calculation.

In addition to the overall predictions of the stress and
tangential operator at all Gaussian points, as shown in
Fig. 9, the predicted stress—strain responses of three spe-
cific Gaussian points whose loading data are not included
in the training stage are also plotted in Figs. 11, 12, and 13,
respectively. The results demonstrate that the trained NN
can effectively differentiate different loading histories and
capture the complex constitutive laws of granular materials
using the proposed history variables.
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Fig. 10  Absolute errors between the predicted stress and ground truth
for all Gaussian points under the loading Path2.

3.3.2 FEM-ML for the triaxial compression
modelling

In addition to validating the developed FEM-ML ap-
proach on the RVE scale, it is important to assess its perfor-
mance in solving the BVP across the whole specimen. In
this section, the axial displacement field, shear strain, and
stress distribution obtained by the FEM-ML method are
compared with those obtained from Simulation 2 FEM—
DEM modelling in Table 2. A detailed comparison of the
FEM-DEM and FEM-ML triaxial compression models is
presented in Table 4.

Fig. 14 presents the axial displacement fields obtained
by both FEM-DEM and FEM-ML methods under the
loading Path?2, along with the changes in the force at the
top surface. Fig. 14(a), (b), and (c) respectively plot the
axial displacement distributions of the computational do-
main at the 4%, 16" and 57% load steps. These special mo-
ments are highlighted in Fig. 14(d) where the axial
deformation remains constant at the 4™ and 16™ load steps
and reaches its maximum at the 57t load step.

Similarly, the shear strain distributions in the computa-
tional domain at the 4™ 16%™ and 57t loading steps are
showcased in Fig. 15(a), (b), and (c), respectively. It is
found that the maximum shear strain at the 16" loading
step is larger than that at the 4™ loading step. This occurred
because the sample had entered the plastic state before the
unloading process, resulting in additional plastic deforma-
tion. Additionally, the changes in the volume strain of the
specimen under loading Path? are demonstrated in
Fig. 15(d).
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Fig. 13 The predicted stress—strain response at Gaussian point C.
Table 4 Experimental parameters of the FEM-DEM and FEM-ML triaxial compression models.
Method Loading path Total load steps  Time (h) Unloading step ~ Reloading step ~ Number of RVEs
FEM-DEM Path2 57 24.8 10 16 2000
FEM-ML Path?2 57 0.2 10 16 2000
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Fig. 14  Axial displacement fields solved by FEM—DEM and FEM—-ML: (a) Load step = 4; (b) Load step = 16; (¢) Load step = 57; (d) The top force.
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Fig. 15 Solved shear strain fields by FEM—DEM and FEM—ML.: (a) Load step = 4; (b) Load step = 16; (c) Load step = 57; (d) The top force.

The simulation results obtained by both the FEM-DEM
and FEM-ML approaches demonstrate that the developed
FEM-ML can successfully replicate the macroscopic de-
formation features of granular materials under the loading
Path?2. This indicates that the trained MLPs in Section 3.2

perform well at each Gaussian point of the FE mesh to
predict the history-dependent constitutive behaviours of
local materials under different loading paths, i.e. Path2,
even though their training data comes from the FEM—DEM
modelling under loading Pathl. Furthermore, the results
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Fig. 16 Stress fields solved by FEM-DEM and FEM-ML: (a) Load step = 4; (b) Load step = 16; (¢) Load step = 57.

displayed in Figs. 14(d) and 15(d) demonstrate that the top
force and volume strain of the computational domain
solved by the FEM—-ML method remain highly consistent
with those acquired by the FEM—DEM modelling.

Additionally, as another significant metric to assess the
proposed FEM-ML scheme, the stress fields of the stress
components obtained by both numerical methods were
compared. For instance, Fig. 16 shows the shear stress ¢,
at the 4, 16% and 57" loading steps along with the corre-
sponding slice of each modelling result. These comparison
results further demonstrate that the trained NN_ and NN
have comparable performance to the DEM solver in pro-
viding the history-dependent constitutive response and
tangent stiffness matrix for each Gaussian point in the
FEM.

292

4. Conclusion

This study presents a novel history-information-
embedded FEM—ML approach that leverages MLP models
to provide the stress—strain response for each Gaussian
point to significantly enhance the computational efficiency
of the conventional FEM—DEM multiscale method for 3D
problems. To enable the single-step-based neural network
to effectively capture the history-dependent constitutive
behaviours of granular media, three innovative state
variable-based internal variables were integrated into the
MLP model as additional input features to construct the
history-information-encoded FEM-ML multiscale frame-
work. The developed data-driven multiscale approach was
comprehensively validated through the solution of the BVP
of conventional triaxial compression. The results obtained
by the FEM-ML method were systematically compared
with those derived from the FEM-DEM method under


https://doi.org/10.14356/kona.2026009

Mengqi Wang et al. / KONA Powder and Particle Journal No. 43 (2026) 281-294

Original Research Paper

identical BVP and loading conditions.

The comparison reveals that the MLP model coupled
with the proposed history variables for the granular mate-
rial satisfactorily provides the local constitutive response
of each Gaussian point, effectively substituting the DEM
solver within the FEM framework. Additionally, the mac-
roscopic modelling results using the proposed data-driven
multiscale method are highly consistent with those of tradi-
tional FEM—DEM simulation. The results demonstrate that
the developed FEM-ML method achieves comparable
performance to the traditional FEM-DEM algorithm in
triaxial compression modelling but with approximately 125
times the computational efficiency, indicating its potential
as a highly efficient alternative to the conventional FEM—
DEM algorithm for 3D simulations.

Nomenclature

ML machine learning

MLP multi-layer perceptron

RVE representative volume element

FEM finite element method

DEM discrete element method

CTC conventional triaxial compression
RNN recurrent neural network

TCNN  temporal convolutional neural network
GRU gated recurrent unit

LSTM  long short-term memory

AD automatic differentiation

BVP boundary value problem

References

Andrade J.E., Avila C.F., Hall S.A., Lenoir N., Viggiani G., Multiscale
modeling and characterization of granular matter: From grain kine-
matics to continuum mechanics, Journal of the Mechanics and
Physics of Solids, 59 (2011) 237-250.
https://doi.org/10.1016/j.jmps.2010.10.009

Andrade J.E., Tu X., Multiscale framework for behavior prediction in
granular media, Mechanics of Materials, 41 (2009) 652-669.
https://doi.org/10.1016/j.mechmat.2008.12.005

Basheer 1.A., Selection of methodology for neural network modeling of
constitutive hystereses behavior of soils, Computer-Aided Civil and
Infrastructure Engineering, 15 (2000) 445-463.
https://doi.org/10.1111/0885-9507.00206

Basheer 1.A., Stress-strain behavior of geomaterials in loading reversal
simulated by time-delay neural networks, Journal of Materials in
Civil Engineering, 14 (2002) 270-273.
https://doi.org/10.1061/(ASCE)0899-1561(2002)14:3(270)

Desrues J., Ando E., Strain localisation in granular media, Comptes Ren-
dus Physique, 16 (2015) 26-36.
https://doi.org/10.1016/j.crhy.2015.01.001

Drakos S., Pande G., On neural network constitutive models for geomate-
rials, Journal of Civil Engineering Research, 5 (2015) 106—-113.
https://doi.org/10.5923/j.jce.20150505.02

Geers M.G.D., Kouznetsova V.G., Brekelmans W.A.M., Multi-scale
computational homogenization: trends and challenges, Journal of
Computational and Applied Mathematics, 234 (2010) 2175-2182.
https://doi.org/10.1016/j.cam.2009.08.077

Ghavamian F., Simone A., Accelerating multiscale finite element simula-
tions of history-dependent materials using a recurrent neural net-
work, Computer Methods in Applied Mechanics and Engineering,
357 (2019) 112594. https://doi.org/10.1016/j.cma.2019.112594

Gross L., Bourgouin L., Hale A.J., Mithlhaus H.B., Interface modeling in
incompressible media using level sets in Escript, Physics of the Earth

and Planetary Interiors, 163 (2007) 23-34.
https://doi.org/10.1016/j.pepi.2007.04.004

Guo N., Zhao J., A coupled FEM/DEM approach for hierarchical multi-
scale modelling of granular media, International Journal for Numer-
ical Methods in Engineering, 99 (2014) 789-818.
https://doi.org/10.1002/nme.4702

Guo N., Zhao J., 3D multiscale modeling of strain localization in granular
media, Computers and Geotechnics, 80 (2016) 360-372.
https://doi.org/10.1016/j.compgeo.2016.01.020

Hashash Y.M.A., Jung S., Ghaboussi J., Numerical implementation of a
neural network based material model in finite element analysis,
International Journal for Numerical Methods in Engineering, 59
(2004) 989-1005. https://doi.org/10.1002/nme.905

Hashash Y.M.A., Song H., The integration of numerical modeling and
physical measurements through inverse analysis in geotechnical
engineering, KSCE Journal of Civil Engineering, 12 (2008) 165-176.
https://doi.org/10.1007/s12205-008-0165-2

Hu X., Zhang Y., Guo L., Wang J., Cai Y., Fu H., Cai Y., Cyclic behavior
of saturated soft clay under stress path with bidirectional shear
stresses, Soil Dynamics and Earthquake Engineering, 104 (2018)
319-328. https://doi.org/10.1016/j.s0ildyn.2017.10.016

Huang D., Fuhg J.N., Weilenfels C., Wriggers P., A machine learning
based plasticity model using proper orthogonal decomposition,
Computer Methods in Applied Mechanics and Engineering, 365
(2020) 113008. https://doi.org/10.1016/j.cma.2020.113008

Kruyt N.P., Rothenburg L., Statistical theories for the elastic moduli of
two-dimensional assemblies of granular materials, International
Journal of Engineering Science, 36 (1998) 1127-1142.
https://doi.org/10.1016/S0020-7225(98)00003-2

Li X., Liu Q., Zhang J., A micro-macro homogenization approach for
discrete particle assembly — Cosserat continuum modeling of granu-
lar materials, International Journal of Solids and Structures, 47
(2010) 291-303. https://doi.org/10.1016/j.ijsolstr.2009.09.033

Logarzo H.J., Capuano G., Rimoli J.J., Smart constitutive laws: inelastic
homogenization through machine learning, Computer Methods in
Applied Mechanics and Engineering, 373 (2021) 113482.
https://doi.org/10.1016/j.cma.2020.113482

Ma G., Guan S., Wang Q., Feng Y.T., Zhou W., A predictive deep learning
framework for path-dependent mechanical behavior of granular
materials, Acta Geotechnica, 17 (2022) 3463-3478.
https://doi.org/10.1007/s11440-021-01419-y

Miehe C., Dettmar J., Zdh D., Homogenization and two-scale simulations
of granular materials for different microstructural constraints, Inter-
national Journal for Numerical Methods in Engineering, 83 (2010)
1206-1236. https://doi.org/10.1002/nme.2875

QuT., DiS., Feng Y.T., Wang M., Zhao T., Towards data-driven constitu-
tive modelling for granular materials via micromechanics-informed
deep learning, International Journal of Plasticity, 144 (2021) 103046.
https://doi.org/10.1016/j.ijplas.2021.103046

QuT., Feng Y.T., Zhao J., A strain energy-based elastic parameter calibra-
tion method for lattice/bonded particle modelling of solid materials,
Powder Technology, 410 (2022) 117860.
https://doi.org/10.1016/j.powtec.2022.117860

QuT., Guan S., Feng Y.T., Ma G., Zhou W., Zhao J., Deep active learning
for constitutive modelling of granular materials: from representative
volume elements to implicit finite element modelling, International
Journal of Plasticity, 164 (2023) 103576.
https://doi.org/10.1016/j.ijplas.2023.103576

Sidarta D.E., Ghaboussi J., Constitutive modeling of geomaterials from
non-uniform material tests, Computers and Geotechnics, 22 (1998)
53-71. https://doi.org/10.1016/S0266-352X(97)00035-9

Smilauer V., Angelidakis V., Catalano E., Caulk R., Chareyre B.,
Chevremont W., Dorofeenko S., Duriez J., Dyck N., Elias J., et
al.,Yade documentation, arXiv preprint, (2023) arXiv:2301.00611.
https://doi.org/10.48550/arXiv.2301.00611

Thornton C., Numerical simulations of deviatoric shear deformation of
granular media, Géotechnique, 50 (2000) 43-53.
https://doi.org/10.1680/geot.2000.50.1.43

Tian Y., Yao Y.-P., Modelling the non-coaxiality of soils from the view of
cross-anisotropy, Computers and Geotechnics, 86 (2017) 219-229.

293


http://article.sapub.org/10.5923.j.jce.20150505.02.html
https://doi.org/10.1016/S0266-352X(97)00035-9
https://doi.org/10.1016/S0020-7225(98)00003-2
https://doi.org/10.1061/(ASCE)0899-1561(2002)14:3(270)
https://doi.org/10.14356/kona.2026009

Mengqi Wang et al. / KONA Powder and Particle Journal No. 43 (2026) 281-294

Original Research Paper

https://doi.org/10.1016/j.compgeo.2017.01.013

Wang M.Q., Feng Y.T., Guan S., Qu T., Multi-layer perceptron-based
data-driven multiscale modelling of granular materials with a novel
Frobenius norm-based internal variable, Journal of Rock Mechanics
and Geotechnical Engineering, 16 (2024) 2198-2218.
https://doi.org/10.1016/j.jrmge.2024.02.003

Wang M.Q., Qu T., Guan S., Zhao T., Liu B., Feng Y.T., Data-driven
strain—stress modelling of granular materials via temporal convolu-
tion neural network, Computers and Geotechnics, 152 (2022)
105049. https://doi.org/10.1016/j.compgeo.2022.105049

Wang M., Zhang D.Z., Deformation accommodating periodic computa-

tional domain for a uniform velocity gradient, Computer Methods in
Applied Mechanics and Engineering, 374 (2021) 113607.
https://doi.org/10.1016/j.cma.2020.113607

Yin Z.-Y., Chang C.S., Karstunen M., Hicher P.-Y., An anisotropic elastic—
viscoplastic model for soft clays, International Journal of Solids and
Structures, 47 (2010) 665-677.
https://doi.org/10.1016/].ijsolstr.2009.11.004

Zhang P., Yang Y., Yin Z.-Y., BILSTM-based soil-structure interface
modeling, International Journal of Geomechanics, 21 (2021)
04021096. https://doi.org/10.1061/(ASCE)GM.1943-5622.0002058

Authors’ Short Biographies

Computational Mechanics (UKACM).

Dr. Mengqi Wang was awarded his doctoral degree in 2025 at the Zienkiewicz Centre for Computational
Engineering, Swansea University, UK. His research interests include (1) machine learning-based consti-
tutive model; (2) multi-scale FEM-DEM method for granular materials; (3) data-driven-based FEM-ML
multiscale method; and (4) continuum-based particle methods, such as MPM and SPH. His works have
been presented at European academic conferences, such as the 9th Discrete Element Method (DEMDY),
the 21st UK Travelling Workshop—Geomechanics: From Micro to Macro, and the UK Association for

Dr. Min Wang is a Staff Scientist in the Fluid Dynamics and Solid Mechanics Group at the Theoretical
Division of Los Alamos National Laboratory (LANL), USA. He received his Ph.D. in computational
mechanics from Swansea University in 2016, specializing in DEM-LBM/CFD. He previously worked at
Rockfield Software Ltd. as a project engineer, developing FEM for geomechanics applications. Since
joining LANL in 2018, he has conducted research on multiscale modeling of material deformation and
multiphase flow using high-resolution CFD-DEM simulations. His interests span geomechanics, solid/
fluid mechanics, and machine learning applications. He has published over 50 papers and serves on edi-
torial boards of several international journals.

Dr. Shaoheng Guan obtained his PhD degree at Wuhan University in 2023. He has been a joint Ph.D.
student at Swansea University for two years during his doctoral study. Then, he joined the Graz Univer-
sity of Technology as a postdoctoral research assistant. His research interests include (1) phenomenolog-
ical model for granular media; (2) explicit FEM modelling method for granular materials; (3)
data-driven-based FEM-ML multiscale method; and (4) the large-scale deformation of nonlinear elastic
material. His works have been presented at European academic conferences, such as the UK Association
for Computational Mechanics (UKACM).

Prof. Yuntian Feng is a faculty member at the Zienkiewicz Centre for Computational Engineering,
Swansea University, UK. He has extensive expertise in DEM and multiscale computational methods. His
research mainly focuses on advancing DEM, particularly in contact detection and resolution for
non-spherical particles, as well as its coupling with continuum methods such as FEM and CFD. Addition-
ally, he specializes in large-scale high-performance computing for granular materials. Prof. Feng has
authored over 150 journal articles, serves on the editorial boards of leading scientific journals, and has led
multiple research projects funded by UKRI, the EU, and industry collaborators.

294


https://doi.org/10.1061/(ASCE)GM.1943-5622.0002058
https://doi.org/10.14356/kona.2026009

	2026009



