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This study explores an efficient approach to modelling the flow of
particles in wet granular systems using the Discrete Element Method
(DEM). Typically, when particles move in a viscous fluid, DEM is
coupled with Computational Fluid Dynamics (CFD) or Smooth Particle
Hydrodynamics (SPH) methods to capture both particle and fluid
motion. However, the computational expense and time required for
one- or two-way coupled simulations, such as DEM—CFD or DEM—
SPH, can be significant. In this research, a lubrication approximation is
introduced to address fluid viscosity within DEM, which is particularly
suitable for dense granular systems where viscous forces play a
dominant role. DEM simulations incorporating the Ilubrication
approximation were compared with in situ data obtained from Positron
Emission Particle Tracking (PEPT) experiments. These experiments
involve a cylindrical setup of radius R=230mm and length
L =200 mm, filled with 10 mm spherical glass beads at a 50 % fill
fraction, and various mixtures of water and glycerol (60 %, 75 %, and
90 % by weight) as the fluid phase. Simulations are conducted within
the LIGGGHTS-DEM framework, and detailed comparisons with
PEPT data assess the suitability of the lubrication approximation for
rotating drum systems. The analysis of tangential velocity profiles
across different Stokes numbers reveals the applicability of the same
constitutive equation for modelling both the PEPT and DEM data
within a specified viscosity range, with the exception of the highest viscosity. This understanding is crucial for interpreting the flowing
layer dynamics and optimising the simulation parameters for accurate predictions.
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1. Introduction The granular rheology of dense suspensions is an active

Continuum numerical schemes exist for granular sys-
tems in the solid or gas-like states; however, there is no
known continuum constitutive model for dense granular
flows. While significant progress has been made in granular
rheology, see Jop (2015) for a review, complex flows, such
as two-dimensional flows in rotating drums, are still poorly
understood (Cortet et al., 2009; Povall et al., 2021). In ad-
dition to the geometrical complexity, dense granular sus-
pensions involve an interstitial fluid that fills the spaces
between the solid material (Amarsid et al., 2017; Boyer et
al., 2011; Pdhtz et al., 2019; Trulsson et al., 2012).
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area of study that relies heavily on efficient simulations of
the particulate degrees of freedom to compare kinematic
and dynamic quantities. In the absence of a continuum de-
scription, computer simulations of dense granular flows
must be carried out at the scale of individual degrees of
freedom. Such simulations are computationally expensive
but provide a rich dataset that contains all physical quanti-
ties of each particle and the interactions thereof. The Dis-
crete Element Method (DEM) is a numerical technique that
simulates discrete particle behaviour in a granular medium
(Cundall and Strack, 1979). Particle interactions are mod-
elled as overlapping Hookean springs, where the degree of
overlap is proportional to the repulsive forces. To prevent
unrealistic collisional elasticity, a dashpot force based on
the overlap velocity is invoked. Originally designed for dry
particle systems, it can also be coupled with other tech-
niques to model complex particle—fluid interactions. In
such interactions, fluid layers between particles introduce
forces such as inertia, viscosity, and pressure. Guo and
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Curtis (2015) reviewed the application of DEM in model-
ling complex granular flows, including the effects of liquid-
induced cohesion and lubrication. The importance of incor-
porating lubrication forces to improve model accuracy was
emphasised, which is in line with the current study’s focus
on the effect of interstitial fluids. The Stokes number is a
metric used to characterise the dominant force mechanisms
induced by the fluid. Once understood, a suitable DEM-
coupled framework can be selected. The Stokes number,
given by
2
sr= P47 % , )
ne

where p is the particle density, d the particle diameter, y
the shear rate and #, the fluid viscosity, characterises the
dominant force dynamics in coupled fluid—solid interac-
tions. Such information can influence the choice of simula-
tion conditions. In the case of low Stokes numbers, drag
forces tend to dominate particle interactions, and it is feasi-
ble to simulate only the fluid (Xiao and Sun, 2011). On the
other hand, at large Stokes numbers, particle momentum
dominates, implying that considering lubrication effects in
the fluid alone becomes feasible (Sun and Xiao, 2016).
Naturally, one- or two-way coupled simulations may be
considered for intermediate Stokes numbers.

When the Stokes regime is known in advance, computa-
tionally efficient one-way coupled simulations can be per-
formed. Within this paradigm, fluid effects (e.g., drag and
buoyancy) on particles are integrated into DEM as addi-
tional forces, whereas particle effects on fluids are disre-
garded (Malahe, 2012; Mayank et al., 2015).

At very high Stokes numbers, the computational effi-
ciency can be further improved by eliminating the entire
fluid phase simulation. Instead, the viscous effects arising
from thin fluid films between particles are combined into a
single lubrication force.

The normal and tangential components of the lubrication
force exerted on particle j by particle i, represented by £}
and Fj, respectively, can be approximated by (Ball and

Melrose, 1997; Cox, 1974):
3 d}
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where £, is the gap between the particles, d;=2dd/
(d; + dl.) is the effective grain diameter, and n; and 1; are the
normal and tangential unit vectors, respectively. The lubri-
cation force depends on the proximity of particle 7 to parti-
cle j and activates when h;<0.05d,. Increasing the
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proximity gap to O.ldl.j has minimal effect on the outcome
(Ness and Sun, 2015). The inherent nature of the equations
may lead to numerical divergence when approaching the
limit limhy.ﬁoE} (h,j) =00, To address this issue, a strict
lower limit of h;=0.001d; is enforced whenever
h;<0.001d,,.

The effect of a fluid on the granular material can be
modelled in several ways and has been reviewed by Peters
et al. (2019), Wang et al. (2022), and Zhu et al. (2007,
2008). Although this work focuses on capturing the effect
of viscosity using the lubrication approximation, a brief
description of some key features and applicability of alter-
native methods is given.

The lubrication approximation is employed to model the
hydrodynamic effects caused by shear forces between par-
ticles (Ball and Melrose, 1997; Cox, 1974; Kim and
Karrila, 1991; Ness and Sun, 2015, 2016; Seto et al., 2013;
Trulsson et al., 2012). These studies collectively reinforce
the validity of using the lubrication approximation in DEM
simulations to model granular flows, particularly in captur-
ing the complex interactions and effects of interstitial flu-
ids. Within this framework, the thickness of the fluid layers
between particles is negligible compared to other dimen-
sions of the system, such as particle size. By neglecting the
inertial forces and pressure gradients, which are more pro-
nounced in thicker fluid layers, this approximation simpli-
fies the ensuing mathematics by considering only the
viscous force. Furthermore, it is assumed that this viscous
force occurs in a two-dimensional plane; therefore, the
method does not capture three-dimensional flow effects
like vortices and eddies found in complex fluid systems. In
addition, the validity of the lubrication approximation can
be affected by particle roughness and shape. Hence, this
approach is well-suited for dense granular systems in
which particles are in close contact and liquid films are
thin, i.e., dense granular flows. The lubrication approxima-
tion is typically more accurate in laminar or low Reynolds
number flows, where the fluid flow is smooth and well-
ordered. However, in turbulent flows, thin liquid films can
be disrupted, resulting in the formation of thicker regions
or droplets. This approach has been successfully applied to
studying various phenomena, including particle packing in
concrete mortar (Cai, 2017) and understanding shear stress
in dense fluid—grain mixtures (Marzougui et al., 2015).

Implementing the lubrication approximation within the
DEM framework requires calculating the fluid film thick-
ness; this is approximated using the Hertz—Mindlin model
(Brilliantov et al., 1996; Silbert et al., 2003), which is a
function of particle interactions. The shear rate, which
controls the degree of shear flow and thus the viscous force
within the fluid layer, is then computed based on the rela-
tive velocity between the DEM particles and fluid viscos-
ity. A limitation arises when considering surface tension
and viscosity because larger values of these properties may
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result in undesirable capillary or drag forces. The lubrica-
tion force is subsequently computed based on the shear rate
and liquid film thickness, which can be related using the
Reynolds lubrication, Stokes, or Carman—Kozeny models
(Bolton et al., 2005; Tichy, 1995); note that the Stokes
model does not produce torque and therefore cannot predict
particle rotation in shear flows (Apostolou and Hrymak,
2008). Finally, this lubrication force is added to the DEM
particles as an additional term in the force balance, allow-
ing for the inclusion of liquid film effects. Unfortunately,
the method is limited to cases in which the resulting parti-
cle force has negligible influence on the fluid, i.e., no two-
way coupling.

Liquid bridge modelling is an approach used to simulate
the effects of viscosity in wet systems. The resultant liquid
bridge represents the cohesive force resulting from capil-
lary effects or liquid films. In liquid bridge modelling, lig-
uid bridges are larger and more substantial than thin liquid
films in the lubrication approximation. Although the cohe-
sive forces between particles were captured, the influence
of fluid flow properties such as the shear rate, turbulence,
and pressure gradient on the liquid bridge were excluded.
Calculating the liquid bridge force requires careful calibra-
tion of parameters like contact angle, liquid volume, and
particle shape, some of which may be challenging to quan-
tify (Washino et al., 2017). Although liquid bridge models
have been embedded in DEM—CFD simulations by Kan et
al. (2015) and Washino et al. (2013), these studies were
computationally limited to small particle sets. Overall, the
liquid bridge approach is particularly useful for studying
wet systems in which cohesive forces dominate particle
interactions (Gladkyy and Schwarze, 2014). Zhu et al.
(2013) explored the effects of cohesion and lubrication in
granular—fluid flows using liquid bridge-coupled DEM
simulations. It was found that liquid bridge forces signifi-
cantly affect flow dynamics by increasing the energy dissi-
pated between colliding particles. These simulation results
were validated against particle image velocimetry mea-
surements.

To accurately capture and study other complex effects in
particle—fluid systems, alternative modelling approaches
are required. CFD methods, such as the Finite Volume
Method or the Lattice Boltzmann Method (LBM), explic-
itly account for three-dimensional flow phenomena and
provide a more comprehensive representation of fluid flow.
These methods consider the full three-dimensional nature
of the flow, yielding more accurate predictions than the
simplified lubrication approximation, especially when the
three-dimensional effects are significant, such as in com-
plex flow patterns, turbulence, or near-wall interactions.
The LBM uses a lattice-based velocity function to simulate
fluid flow, and the resulting fluid forces are then applied to
the DEM nparticles. The LBM, based on the kinetic
Boltzmann equation, incorporates fluid—particle interac-

tions at the mesoscale. The fluid viscosity in the LBM was
controlled by the relaxation time parameter (z) and lattice
structure. The careful balancing of the lattice structure and
7 is crucial for achieving stability and accuracy (Guo and
Zhao, 2002). However, the limitation of this method lies in
the boundary collision interaction between the solid and
fluid. Various techniques, such as the Immersed Boundary
Method (IBM), interpolation bounce back (IBB), and par-
tial saturated method (PSM), have been proposed to ad-
dress this issue. Chen et al. (2020) recently compared these
treatments and concluded that the IBB method is the most
accurate for realistic particle packing, whereas IBM is the
most computationally demanding. Yang (2019) conducted
a parametric study using the coupled Lattice Boltzmann
Method and DEM to describe the dynamics of densely
packed granular flows. It was highlighted that such models
can capture complex interactions in granular systems, sim-
ilar to the findings of the current study on the adequacy of
lubrication approximation in high Stokes regimes.

In the CFD-DEM coupling approach, the fluid phase is
modelled as a continuum using a CFD solver that numeri-
cally approximates the Navier—Stokes equations. Particles
are modelled using DEM whilst the CFD solver accounted
for the fluid viscosity, providing input for the DEM compo-
nent of the simulation. The fluid properties, including vis-
cosity, are then considered in the calculation of the forces
and interactions between DEM particles. The information
from the CFD solver is transmitted at each time increment
to the DEM, which increases the computational complexity
of the approach. Two-way coupled methods exist, where
the momentum transfer from particles to the fluid is ac-
counted for as well as the momentum transfer from fluid to
particles (Kloss et al., 2012; Tanaka et al., 1993; Tsuji et al.,
1993). To ensure robustness and stability, careful consider-
ation must be given to the chosen modelling equations,
mesh size—and time step. Due to its ability to capture fluid
forces in greater detail, this method is applicable to a wide
range of complex flows, including sediment transport, flui-
dised beds, and mixing processes (Hu et al., 1992; Sun and
Xiao, 2016; Xiao and Sun, 2011).

CFD models the fluid phase in general; however, there
may be instances where the wet system contains two or
more immiscible fluid phases (e.g., free surface flows). In
such systems, the Volume of Fluid (VOF) approach is pre-
ferred (Lin and Chen, 2013). The VOF approach splits each
computational cell according to the volume fraction of the
fluid. In doing so, the VOF approach has a distinct advan-
tage over CFD in that it tracks interfacial boundaries. Un-
fortunately, this requires a significantly fine grid resolution,
particularly at the fluid interfaces, to ensure accuracy. This
is a prerequisite for providing information about each fluid
phase in the computational domain. A similar outcome in
CFD would require the use of CFD-IBM coupling, which
is computationally demanding (El-Emam et al., 2021).
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Smooth Particle Hydrodynamics (SPH) is a Lagrangian,
meshless technique that numerically approximates an in-
compressible (or weakly compressible) version of the
Navier—Stokes equations governing fluid flow (L iu and
Liu, 2003). Potapov et al. (2001) and Cleary et al. (2006)
described how SPH can be used to simulate the fluid phase
of granular suspensions by adding particle-like degrees of
freedom that simulate the fluid. SPH discretises the fluid
into particles, each carrying properties such as position,
velocity, density, and pressure, which govern their motion.
These particles interact through a smoothing kernel func-
tion, and their influence is determined based on relative
distances. The kernel function smoothes out properties of
neighbouring particles, thereby allowing the calculation of
various fluid properties within the domain. The continuum
solution to the fluid is recovered by an averaging scheme
over the new ‘fluid’ particles. By ensuring that the DEM
particles are much larger than the SPH elements, fluid—
solid interaction is achieved by placing the SPH elements
inside their DEM counterparts. These interior SPH ele-
ments move and rotate with the solid DEM particles, ini-
tialised with the same density used for SPH elements
representing the fluid phase. DEM—SPH coupling is suit-
able for systems where particle—fluid interactions are sig-
nificant, such as sediment transport, granular flows in fluid,
and fluidised bed simulations (Cleary et al., 2018a, 2018b).

This study investigates the use of the lubrication approx-
imation to simulate dense granular suspensions in rotating
drums. The numerical results will be validated against the
experimental results. An experimental setup with compara-
ble physical dimensions was used to measure particle kine-
matics using the Positron Emission Particle Tracking
(PEPT) technique (Bemrose et al., 1988; Hawkesworth et
al., 1986; Parker et al., 1993). The fluid is a mixture of
water and glycerol, and the viscosity is modified by varying
the ratio of the mixture.

The remainder of this paper is structured as follows:
Section 2 describes the computer simulations conducted in
this work, and Section 3 describes the experimental proce-
dure used for validation, including the coarse-graining
and analysis. Section 4 presents the results, and Section
5 presents the conclusions.

2. Numerical simulations

The LIGGGHTS (Kloss et al., 2012) DEM package was
used for the numerical simulations. LIGGGHTS was de-
veloped as a standalone DEM extension to the popular
molecular dynamics package LAMMPS (Plimpton, 1995).
The simulations were performed in two stages: a particle
generation simulation that served to create the initial condi-
tion and a continued simulation in which the drum’s angu-
lar velocity and fluid viscosity were set to the desired
values while relevant quantities were saved to disk for fur-
ther processing.
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2.1 Particle generation

This subsection describes the introduction of particles
into the virtual rotating drum. The geometry of the system
studied is a cylinder of radius R =230 mm and length
L =200 mm. The cylinder with no lifter bars is imported
into the simulation. The omission of lifter bars, which tra-
ditionally line the azimuthal surface, greatly simplifies the
ensuing particle physics but also allows for undesirable
particle slippage along this surface. Such a phenomenon is
avoided by imposing particle-wall friction with coefficient
1 =0.5. Gravity, which acts orthogonally to the drum’s
axis, is set to g = 9.8 m/s2. The 10 mm diameter spherical
glass beads (p) are defined with the following material
properties: (i) Density p, = 2400 kg/m’, (ii) Young’s modu-
lus Y=35 x 10°kg/m/s?, (iii) Poisson ratio v=0.45, (iv)
coefficient of restitution e = 0.5 and (v) coefficient of fric-
tion u = 0.5. To avoid computationally taxing particle inter-
actions with the cylinder walls, particles are introduced
into a horizontal cylindrical region slightly smaller than
that of the drum. At random locations within this region,
LIGGGHTS inserts 500 particles. Once inside, these parti-
cles experience gravitational forces and interactions result-
ing from overlapping particles according to the
Hertz—Mindlin contact model. To prevent numerical insta-
bility arising from cases in which a newly created particle
overlaps an existing particle, such particles are deleted
upon creation. This process continues until 15,000 particles
are detected in the system, representing 50 % drum filling
on a volume basis.

2.2 Continued simulations

Leveraging LIGGGHTS’ capability to save simulation
states enables parametric studies of preset variables. After
generating 15,000 particles, the simulation state was saved,
and subsequent evaluations were performed based on the
rotation rate and fluid viscosity, as outlined in Table 1. In
LIGGGHTS, the rotation rate is defined by the rotation
period (7), related to angular velocity (w), Froude number
(Fr), and critical speed (w_) as follows:

Table 1
virtual simulation time (511 s) for each configuration. The drum rotation

Simulation parameters varied across the DEM study and the

rate is given in RPM, angular velocity w, as a percentage of the critical
speed w_ and Froude number (/7). The relationships between these quan-
tities are given by Eqn. (4).

Rotation Speed Viscosity (77;) [Pa-s]

RPM  w[s'] %w, Fr 0.001 0.01 0.03 0.22

20.1 2.1 30 0.09 5s 5s 5s 5s
26.7 2.8 40 0.16 Il1s 1Ils Ss Ss
334 35 50 0.25 6s 6s 5s 5s
40.1 42 60 0.36 6s 6s 5s Ss
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2
a)=2—n, Fr:wR
T g

and o, =J% =705 (4)

To ensure a broad coverage of the Stokes number, a
range of viscosities (7€ {0.01, 0.03, 0.22} Pa-s) were se-
lected. These viscosities correspond to Stokes numbers
from St~ 10 to St ~ 100. These viscosities were produced
by diluting glycerol with water (60 %, 75 %, and 90 % by
weight). The shear rate was estimated as y = 20/s accord-
ing to Govender et al. (2017).

In the simulation, a previously described lubrication
force was applied exclusively to particle—particle contacts.
Lubrication forces from wall—particle contacts were ex-
cluded for the following reasons: (i) Eqns. (2) and (3) de-
pend on the diameter of both particles (d;), making
extension interactions with flat walls (where d;, — o0)
mathematically challenging. (ii) The LIGGGHTS code for
particle—particle contacts could not be modified to account
for particle-wall contacts, which was a practical constraint.
(ii1) Lubrication forces have minimal impact at the particle-
wall interface, where particles are in direct contact with the
wall, and these forces typically play a more influential role
when there is a gap or fluid film between substrates.

The simulation advances at increments of Az =1 x 10 s
over a period of 1,000,000 steps. The particle positions and
velocities are saved to the disk every 0.01 s. The positions
of particle—particle pairs that interact either through contact
or lubrication forces are stored. Fig. 1 shows a snapshot of
the simulated spherical glass beads inside a rotating cylin-
drical drum.

Dell PowerEdge C6145 servers were used for simula-

(@) (b)

Fig. 1 Snapshots from various simulations of spherical glass beads
inside the rotating cylindrical drum showing the distribution of particles
for % w_ and 7, () 30, 0.01 (b) 30, 0.22 (¢) 60, 0.01 (d) 60, 0.22 (adapted
with permission from De Klerk, 2019).

tions, with each simulation requiring between 27 and 30 h
to complete a single simulated second. LIGGGHTS em-
ploys a 3D grid division of the simulation space, assigning
particles within each grid division to the same processor.

The widely adopted Message Passing Interface (MPI) in
high-performance computing facilitates LIGGGHTS’
multi-core processing. Despite this, the open-source ver-
sion lacks the capability to evenly distribute the computa-
tional workload across processors, i.e., it does not perform
load balancing. Consequently, while LIGGGHTS parti-
tions the simulation into 3D grids and assigns a unique
processor to all particles in a given partition, these assign-
ments remain fixed throughout the simulation. This static
allocation results in an inherent imbalance in workload
across processors because it is not dynamically adjusted.

The results of the present study revealed that simulations
performed more efficiently without multi-processing. This
observation can be attributed to the overhead introduced by
inter-processor communication when assigning adjacent
particles.

3. Experimental study
3.1 Particle kinematics

Positron Emission Particle Tracking (PEPT) is an in situ
nuclear imaging technique (Bemrose et al., 1988;
Hawkesworth et al., 1986; Parker et al., 1993) used to ob-
tain the flow properties of particulate matter. Averaging
these properties at the continuum scale enables high-
resolution statistical validation of both rheological and nu-
merical models (Govender et al., 2017; Moodley and
Govender, 2022).

In general, PEPT relies on the activity of a radioactively
labelled tracer particle within a bed of particles. The trac-
er’s location is captured by a high-resolution Positron
Emission Tomography (PET) scanner. To adhere to the
Ergodic hypothesis (Wildmann et al., 2000), the experi-
ment must run for an extended duration to ensure that the
tracer traverses a significant portion of the phase space.
This extended duration is crucial for determining confi-
dence in the ensemble average.

Each data point obtained by PEPT has millimetre spatial
and temporal resolutions. Consequently, the confidence is
primarily determined from its kinematic outputs (velocity,
solids fraction) at a continuum scale. Dynamic properties
such as shear rate, pressure, and granular temperature,
which are embedded in popular granular rheologies, are
then computed from these kinematic values. To simplify
subsequent physics, several scaling (Govender et al., 2017,
Jop et al., 2005) and rheological studies have been neces-
sarily restricted to slow-rotating drums (Chou and Lee,
2009; Orpe and Khakhar, 2001; Pignatel et al., 2012).

PEPT work was performed at the South African National
Accelerator Centre, iThemba Laboratory for Accelerator
Based Science (iThemba LABS). The EXACT3D (Model:
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(b)

Fig.2 (a) Glass beads as charge with tracer particles (insert bottom left) (b) PET camera (c) Lines of Response (LORs) (adapted with permission from

De Kerk, 2019).

CTI/Siemens 966) PET scanner, consisting of 36 x12 x§
x8 cylindrically orientated bismuth germanate (BGO) de-
tector elements, is presented in Fig. 2b. Such an orientation
allows particle tracking within a 50 cm-diameter field-of-
view and 20 cm-deep field-of-view.

For this study, °®Ga was selected as the radioactive
source in the tracer particles because of its 68 min half-life,
which provided ample time for data collection. In the case
of radioactive contamination, quick mitigation is possible.
The production of a tracer involves adsorbing °*Ga into an
ion-exchange resin (Cole et al., 2012). Choosing a resin
with a specific gravity similar to that of glass helps prevent
bias. This step ensures experimental uniformity and en-
hances the reliability of the results.

A high-density polyethylene cylinder with an inner ra-
dius of 230 mm and a length of 200 mm was used for con-
ducting the experiments. Glass beads were introduced
through a sidewall, which had four circular cutouts ma-
chined and resealed. A small port was incorporated to
safely introduce the tracer (and thermocouple for tempera-
ture measurements) while minimising drum movement,
which can be harmful during triangulation. Such tempera-
ture fluctuations at the completion of each 20 min run give
rise to viscosity changes. The run time is limited to this
time due to the file size limits of the acquisition system. To
mitigate particle slippage along the azimuthal wall, a rub-
ber lining with enhanced friction was introduced. The
power draw was correlated using the torque sensor embed-
ded in the variable-frequency drive of the drum motor.
Hence, one can easily set the desired rotation rate and
measure the resulting torque. Mono-sized glass beads
(d =10 mm) were made up to a 50 % drum filling by vol-
ume. Drum speeds were varied from 18.7 to 37.4 RPM, as
indicated in Table 2.

Calibration is executed by placing a tracer at a specific
point along the drum circumference. After tracking for 2
minutes, the circular path of the tracer was used to infer the
drum position and orientation inside the PET scanner. This
process ensures that the reference frame of the scanner is
aligned with that of the drum. Once calibrated, each 20
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Table 2 Top: Drum speeds normalised by the critical speed, angular
velocity, revolutions per minute and corresponding Froude number. The
critical speed of the drum used in this study is @ = 6.35 rad/s = 62.3
RPM. Bottom: Fluid mixtures used together with each of the drum speeds
in the table on the top. The viscosity of the mixture was calculated by
Cheng (2008). The variation in viscosity was attributed to temperature
fluctuations within the fluid.

oo, o [rad/s] RPM Fr
0.30 1.96 18.7 0.090
0.35 2.28 21.8 0.123
0.40 2.61 24.9 0.160
0.45 2.94 28.1 0.203
0.50 3.26 31.2 0.250
0.55 3.59 343 0.303
0.60 3.92 37.4 0.360
Water Glycerol Viscosity

% w/w % wiw Pa-s

40 60 0.011 +0.001

25 75 0.038 +0.005

10 90 0.25+0.04

minute run was conducted six to eight times. There is a
limitation of a maximum of eight runs due to the tracer,
which initially has an activity level of 1500 xCi, undergo-
ing radioactive decay to a state where the data becomes
unusable. Lower tracer activities often result in fewer re-
corded lines. In such cases, the triangulation algorithm fails
to converge, and hence, the tracer must be replaced.

3.2 Fluid viscosity

Viscosity plays a crucial role in influencing the rheolog-
ical behaviour of granular suspensions. Coussot et al.
(2002) demonstrated that viscosity bifurcation (i.e., for
smaller stresses, the viscosity increases and vice versa)
occurs around a critical stress, influencing the transition
between fluid and solid states. Cui et al. (2021) investigated
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Fig.3 (a) Measured viscosity of various water/glycerol mixtures compared to the parametrisation by Cheng (2008) at 7= 25 °C and 7= 35 °C and
(b) viscosity fluctuation of a 7= 25 °C 60 % w/w mixture over time (adapted with permission from De Klerk, 2019). The raw data are publicly available

at J-STAGE Data (https://doi.org/10.50931/data.kona.28792256).

the effects of fluid viscosity on particle size segregation and
found that increased viscosity decreased the segregation
rate. Macaulay and Rognon (2021) used DEM to measure
the viscosity of cohesive granular materials and established
that adhesion-related numbers control the viscosity.

In the present study, the suspensive medium comprised
mixtures of water and glycerol, with glycerol content rang-
ing from 30 % to 80 % (w/w), as parameterised by Cheng
(2008). These solutions were prepared by homogenising
180 g of glycerol and 45 g of water. To achieve the desired
composition, 50 g of this mixture was replaced with 25 g of
water, and this procedure was repeated six times.

Calibration against known solutions at temperatures
T'=25°Cand T =35 °C using a Brookfield DV-I viscome-
ter ensured the accuracy of the prepared viscosities. Fig. 3a
displays the results of measurements, comparing them to
the parameterisation by Cheng (2008). The measured data
correlate well with the parameterisation.

Throughout each experiment, the abrasion of glass beads
led to temperature fluctuations and fine particle generation,
causing changes in fluid viscosity. Consequently, the fluid
viscosity was measured both before and after each PEPT
run to ensure that it remained within an acceptable standard
deviation. Based on Fig. 3b, where the measured viscosity
at T=25°C is plotted against the residence time, the
largely overlapping error bars imply that the viscosity was
not adversely affected in the steady state.

3.3 Coarse graining

DEM provides high-fidelity dynamical data, such as
stress and force, at microscopic resolution for each particle.
Such detailed data are crucial for evaluating the rheological
features of a system. The development of rheological mod-
els requires a continuum representation of the data. This
involves transforming discrete pointwise data from the
DEM into averaged values on a volume basis, a process
known as coarse-graining. Classical statistical techniques

underpin this approach; however, adaptation is needed for
granular systems to address the scale separation effect,
where particles are of the same order of magnitude as the
averaging domain. In this context, the technique proposed
by Artoni and Richard (2015), Babic (1997), and Glasser
and Goldhirsch (2001) was employed to generate contin-
uum fields. A brief description of this technique is provided
below.

To determine the average value of a property y (such as
force or power) at the centre of a given volume element
(probe point X at time ), the following Eqn. (5) is used:

p(X ) (X,0) = fdt’Zmpz//pwp

P

=[dr> my K (=% ,.t=1,,W) (5)
P

Here, subscript p refers to neighbouring particle proper-
ties at their centroid, with m,, representing the mass of the
p" neighbouring particle. The Gaussian smoothing kernel
K assigns a normalised weighting factor w A based on the
displacement between the neighbouring particle and the
probe point in both space (X —X,) and time (¢ — tp). The
smoothing radius W ensures exclusion of particles beyond
a certain distance |)"c—)?,,| from the probe point X in the
current calculation.

The average density at the probe point, p(¥,?), is com-
puted using Eqn. (6):

p(X,0) = fdt'Zmpwp (6)
P

The selection of a continuous and differentiable smooth-
ing kernel K allows the calculation of the gradient of prop-
erty y in Eqn. (5) using the product rule (Artoni and
Richard., 2015), as shown in Eqn. (7):

pVy = J.dt,Z(VWp) myyp _V’Id"z (Vw,)m,. (7)

P p
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Adapting Eqns. (5) and (6) to the PEPT data requires a
slight adjustment to account for the Lagrangian nature of
the measurement. Assuming the ergodic hypothesis
(Wildmann et al., 2000), the summation terms in each
equation can be modified for a tracer particle repeatedly
traversing the phase space as follows:

p(x,0) = N[dt'myK (x—xp,t 1), ®)
p(x’l()l)l/(xal()z NJ‘dt'mTWTK (x_xT’l _lT) (9)

where x;. is the position of the tracer at time ¢, and y. is a
particle property.

4. Results

The distribution of particles in some simulations is
shown in Fig. 1. The analysis performed in this study fo-
cused on two primary objectives: (i) the applicability of the
same constitutive equation to model both measured (PEPT)
and simulated (DEM) data, and (ii) the associated viscosity
effects. Govender et al. (2017) and Jop et al. (2005) estab-
lished scaling relations for the velocity profile based on the
constitutive equation ¢/P = u() through a continuum force
balance in the flowing layer. The resulting shear rate as a
function of the flowing layer depth (y) led to the scaled
velocity—depth relationship v, / \/971 . The validity of the
constitutive equation hinges on the statistical equivalence
of this scaling relation between PEPT and DEM. Fig. 4 (De
Klerk, 2019) evaluates the scaled tangential velocity,
v/ \/d_ , at various points along perpendicular slices of the
flowing layer. The correlation between PEPT and DEM is
well-established for viscosities up to 0.03 Pa‘s, as evi-
denced by the linear least squares regression equations, and
their high R? values are given by Eqns. (10), (11), and (12):

(2)

v/\/dg

7 =0.01Pas, 0= { m30%,+45%, « 55%, 4 60%}
7=0.03Pas, ©= { #30%,040%, + 50%, 4 60%}
n=0.22Pa's, 0= { #30%, 40%, 55%, 60%}

LA 0.282(lj +0.161 (R? = 0.949) all PEPT (10)
\dg d

" 0382 (lj +0.241
\dg d

(R =0.861) DEM (; < 0.03Pa-s) (11)
and

LA 0.065(1) +0.074
\Jdg d

(R? =0.960) DEM (5 = 0.22 Pa-s) (12)

However, for the largest viscosity data (7,=0.22 Pa-s),
deviations in the scaling between PEPT and DEM were
observed. Despite this exception, the correlation between
measurement and simulation was largely independent of
viscosity for #,<0.03 Pa's. This implies that the same
constitutive equation can effectively describe both the
PEPT and DEM data within this viscosity range.

Similar phenomena have been observed in other studies.
Orpe and Khakhar (2001) conducted experiments on gran-
ular flow in rotating cylinders and found that the scaled
velocity profiles were consistent across different materials
and conditions, supporting the use of a unified constitutive
framework. Brewster (2005) investigated cohesive granu-
lar flows and developed an adapted Bagnold constitutive
relation. This model incorporates not only the typical colli-
sional momentum transfer between particles but also the
momentum transfer resulting from cohesive forces acting
through prolonged contacts between grains during flow.
Savage (1998) developed a theory for slow, dense flows of
cohesionless granular materials using constitutive equa-
tions to predict the velocity and stress profiles in vertical

(b)

12

yld

1= 0.001Pa-s, © = { 030%,040%, 50%,~60%}
7=0.01Pas, ® = { 030%,040%, 50%,60%}
7=0.03Pas, © = { 030%,040%,° 50%,260%}
n=0.22Pas, 0= { 30%, 40%, 50%, 60%}

Fig.4 Mean scaled tangential velocity, v, /+/dg at various points along perpendicular slices of the flowing layer for (a) PEPT (drum speeds listed in
Table 2) and (b) DEM (drum speeds listed in Table 1) (adapted with permission from De Klerk, 2019). The raw data are publicly available at J-STAGE

Data (https://doi.org/10.50931/data.kona.28792256).
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Fig. 5

St (Fr) for (a) all bed locations, (b) rising region, and (c) flowing layer (adapted with permission from De Klerk, 2019). The raw data are pub-

licly available at J-STAGE Data (https://doi.org/10.50931/data.kona.28792256).

chute flows.

In Fig. 5 the relationship between average Stokes (S¢)
and Froude (F7) numbers is explored for different bed loca-
tions. The agreement between PEPT and DEM was
generally good, except for .= 0.22 Pa-s, where the lubri-
cation approximation underestimates the St number.
Falkovich and Pumir (2004) studied the distribution of
heavy particles in turbulent flows, focusing on the depen-
dence of particle concentration on Reynolds, Stokes, and
Froude numbers. The research emphasised the discrepan-
cies in the theoretical predictions at varying Froude num-
bers, thus supporting the need for improved modelling
approaches for high-viscosity scenarios. Owolabi et al.
(2024) investigated the turbulence modulation by large
heavy particles in wall-bounded flows, examining a wide
range of Stokes and Froude numbers. The results of this
study highlight the influence of particle-induced stresses
and the need for accurate parameterisation of forces, such
as drag and buoyancy, at high viscosities. Morris et al.
(2017) compared the lubrication approximation and
Navier—Stokes CFD solutions for dam-break flows in thin
films and observed that the lubrication approximation is
robust for low Reynolds and Froude numbers but may un-
derestimate effects at higher viscosities.

5. Conclusions

The intricate rheological behaviour of dense granular
systems relies on dynamic microscale properties such as
stress and force. In the absence of in situ measurement
methods, numerical approaches are essential to obtain such
information. However, the inherent complexities of numer-
ical methods introduce a trade-off between computational
efficiency and fidelity. The lubrication approximation ef-
fectively captures particle physics without the need for ad-
ditional degrees of freedom to simulate the fluid phase in
high Stokes regimes.

In this study, a lubrication approximation was used to
model the viscous effects in a thin fluid film between parti-

cles. A comparison between DEM simulations and PEPT
measurements was made for a granular suspension within a
rotating drum geometry. The fluid viscosity values of
7:=0.01,0.03,0.22 Pa's were evaluated at drum speeds
corresponding to Fr =[0.09,0.36] and St ~ [1,1000].

The scaled tangential velocity profiles and the range of
St numbers showed decent agreement between the DEM
simulations and the PEPT measurements, except at the
highest viscosity #, = 0.22 Pa-s. The results suggest that the
lubrication approximation adequately models the effect of
interstitial fluids on granular materials in high Stokes re-
gimes. This is achieved by introducing an additional parti-
cle—particle force, which simplifies the mathematical
representation and reduces the computational load. For
= 0.22 Pa-s, viscosity parametrisation should be investi-
gated to evaluate whether a consistent tuning can be ap-
plied to achieve satisfactory agreement between the DEM
simulations and PEPT measurements.

This study establishes the applicability of the same con-
stitutive equation to model PEPT and DEM data within a
specified viscosity range, with deviations at higher viscosi-
ties. This insight is vital for understanding the dynamics of
the flowing layer, and refining simulation parameters is vi-
tal for accurate prediction.
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