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In KONA 2022, the fundamentals of two- and multidimensional 
particle size distributions were introduced. The next question in the 
field of two- and multidimensional distributions addresses their 
application to describe a particle process, e.g., agglomeration or 
separation. A multidimensional separation can be seen as retrieving 
only particles with a specific set of properties from a multidimensionally 
distributed system, e.g., retrieving only small particles (below a certain 
threshold in size) with a compact spherical shape (above a certain 
threshold in sphericity). The multidimensional separation allows the 
generation of functional particle systems with specific properties, e.g., 
semiconducting, optical, or electronic properties, which are required for 
high-technology applications. Starting from so-called particle-discrete 
information, i.e., an information vector for each particle containing its 
compositional, geometrical, and physical properties, it is possible to 
describe a multidimensional separation in full detail based on various 
properties. Each particle can be evaluated according to different separation properties, e.g., size, shape, and material composition. With 
this database, it is possible to define and work with separation functions to describe the multidimensional separation and quantify the 
separation results. For example, in the two-dimensional case, the median cut size becomes a median cut line, where the probability for a 
particle to belong to the concentrate is 0.5. Some case studies and examples show different approaches and possibilities to achieve a 
multidimensional separation in one or several connected process steps.
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1. Introduction
In KONA 2022, Frank et al. presented the fundamentals 

of two- and multidimensional particle size distributions, 
allowing for a more detailed description of particle systems 
than combining a constant shape factor with a particle size 
distribution. They also demonstrated the challenges in 
measuring and retrieving multidimensional particle size 
distributions (Frank et al., 2022). Particle-discrete informa-
tion is necessary to generate particle property distributions 
of any dimension. For the one-dimensional distribution, 
which we all know as particle size distribution (PSD), the 
starting point is the information about the size, i.e., the 
equivalent diameter, of each discrete particle. This infor-

mation is grouped into size classes and weighted by num-
ber, cord length, surface, or volume. To compute particle 
property distributions of higher dimensions, which show 
the distributed values of size, shape, composition, crystal-
linity, and others simultaneously, particle-discrete informa-
tion has to be extracted (Fig. 1). Thus, each particle is 
described by an information vector containing the relevant 
particle-discrete data of its properties.

In addition to the multidimensional information about 
particle geometry, the composition of the individual parti-
cles provides additional dimensions in the description of 
particle systems. These dimensions are central aspects in 
the field of primary and secondary raw materials, where 
ores, slags, or anthropogenic waste materials (Fig. 2) have 
to be characterized, processed, and separated (Werner et 
al., 2020). Individual multicomponent particles are inter-
grown, i.e., they have a complex microstructure consisting 
of more than one material phase.

The cassiterite ore shown here (Fig. 3) consists of four 
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main materials, i.e., minerals. Each particle within the ore 
sample is composed of one or more of these minerals. Ma-
terial classes are chosen to reduce complexity, i.e., the di-
mension of the problem. For example, all iron-containing 
phases are grouped together in the material class iron ox-
ides. Using the color code, it becomes apparent that there is 
a vast diversity among the individual particles, even with 

just four different material phases. This behavior is also 
observed in the slag sample in Fig. 3 (right), which exhib-
its multiple material phases.

Multimaterial particles also become increasingly import-
ant in the field of particle design, when particles are coated 
(Fig. 4), encapsulated, co-precipitated, or integrated into 
composite materials (Hickstein and Peuker, 2009). The in-
terplay between different properties of a particle collective 
has therefore come into focus of research in recent years 
(Bagheri et al., 2015).

In summary, the concept of particle-discrete information 
forms the basis for generating multidimensional particle 
property distributions. These distributions are created by 
constructing property vectors for individual particles, 
which include various properties such as characteristic 
length, volume, shape factor, composition, porosity, rough-
ness, and crystallinity. The more elements are included in 
the vector, the higher becomes the potential dimensionality 
of the property distribution that can be generated from the 
particle-discrete data set. Common measuring techniques 
producing particle-discrete, multidimensional data are 
computed tomography (Çiçek et al., 2016; Ditscherlein et 
al., 2020; Egan et al., 2015; Leißner et al., 2020), dynamic 
image analysis (Bujak and Bottlinger, 2008; Kuzmanić and 
Mikoš, 2022; Oliver et al., 2019), and mineral liberation 
analysis (Leißner et al., 2016), as shown in Fig. 3. Other 
measuring techniques in which multidimensionality poses 
a particular problem include the shape influence in laser 
diffraction analysis (Matsuyama and Yamamoto, 2005; Pe-
ciar et al., 2022).

The properties in the vector may originate from different 
sources. Initially, these are the original measurement data 
obtained from different characterization methods and prin-
ciples. It is crucial to ensure that the data is thoroughly 
linked to the corresponding particle when combining or 
correlating measurements from different principles. Some 
properties in the vector, such as equivalent diameters and 
shape factors, are calculated or aggregated parameters 
(Heywood, 1961). These properties can be added to the 

Fig. 1  3D particles of different materials from which geometrical data 
can be retrieved, determined by 3D scanning (left) and by μ-CT (middle 
and right).

Fig. 2  Particles from the mechanical recycling process of lithium- 
ion-batteries as explained in Ref. (Werner et al., 2020), showing parti-
cles with non-compact irregular and significantly distributed shape 
properties.
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Fig. 3  Material-related properties of individual particles, measured by mineral liberation analysis (MLA), which is a SEM-EDX-system, coupled 
with a mineral data base. Adapted with permission from Ref. (Buchmann et al., 2020b). Left: particles from different material streams in the process-
ing of a cassiterite ore (Ehrenfriedersdorf, Saxony); right: particles from a lithium-aluminate slag (RWTH Aachen IME), which occurs in lithium- 
ion-battery recycling.
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vector, resulting in a rapid increase in the number of  
elements. From the methodological perspective, particle- 
discrete multidimensional data sets are essential for creat-
ing multidimensional property distributions since they 
contain all necessary information. Only with additional  
information or assumptions, such as precise knowledge  
of particle geometry in the case of synthesized nanoparti-
cles, it is possible to directly generate the corresponding 
unique multidimensional distribution from several one- 
dimensional distributions (marginal distributions) (Demeler 
et al., 2014). Imaging techniques and correlative imaging 
methods, such as X-ray computed tomography, are often 
preferred for generating particle-discrete data sets (Frank et 
al., 2019; 2022).

The multidimensional description of the particle collec-
tive then provides the methods to investigate many com-
mon separation processes. On most classification and 
sorting machines, particles are sorted according to more 
than one parameter. While some of these properties are 
perceived to have an influence, they have yet to be thor-
oughly investigated. A perfect example is the sieving pro-
cess, in which results are displayed as a separation 
according to particle size, but where particle shape plays a 
vital role (Blott and Pye, 2008; Dehghani et al., 2002; 
Nakajima et al., 1979; Whiteman and Ridgway, 1986). 

Other examples are sedimentation (Wadell H., 1932a,b; 
1933) and the aero- (Furchner and Zampini, 2009), and 
hydrodynamic separation processes (Fontein, 1961), as 
well as processes for shape separation (Furuuchi and 
Gotoh, 1992).

Often, the multidimensionality of a separation process is 
implicitly shown by researchers without highlighting the 
multidimensionality explicitly (Tang and Puri, 2007). Ex-
amples include the separation of PET flakes from plastic 
bottle recycling on zig-zag sifters and air jigs (Friedländeret 
al., 2006) and separation by thermo-adhesion, where parti-
cles are selectively heated by microwaves until they stick 
to a surface (Baloun. et al., 2005).

In other separation processes, most importantly some 
analytical methods, the multidimensionality of the separa-
tion process is of key interest, for example, in flow-field 
fractionation, where particles are separated hydrodynami-
cally inside a flat channel (Baalousha et al., 2011). Re-
cently, separation processes have been shown to become 
comparable by calculation of a statistic entropy that de-
scribes the degree of disorder in a particle collective 
(Buchmann et al., 2020a).

In the following, a description of multidimensional par-
ticle property distributions is given, followed by a descrip-
tion of how two-dimensional separation processes can be 
presented in a convenient manner. The text ends with a re-
view of some examples of multidimensional separation.

2. Theoretical background
2.1 Working with particle-discrete datasets

When particle-discrete datasets are available, it is possi-
ble to generate the corresponding multidimensional parti-
cle property distributions. As in the one-dimensional case, 
property classes are defined with appropriate boundaries. 
In the multidimensional case, a property class addresses 
more than one property (Fig. 5). For the two-dimensional 
example, with the properties x (equivalent diameter/ 
particle size) and y (shape factor), each class contains the 
fraction of all particles, which fulfill the specifications:

● equivalent diameter: xi–1 < x ≤ xi
● shape factor: yj–1 < y ≤ yj

The two-dimensional particle density distribution uses a 
definition similar to the one-dimensional case. The follow-
ing example considers a set of particle data in which the 
volume of each particle is known. Only under the assump-
tion of constant density, a volume- or mass-weighted distri-
bution can be computed. Where length- and area-based 
distributions will sometimes occur in the description of 
one-dimensional property distributions, in practice, multi-
dimensional distributions will either be number- or  
volume-/mass-weighted.

To obtain the two-dimensional density distribution, the 
mass of the particles in class [i, j], mi,j, is divided by the 

50 μm

Fig. 4  SEM pictures of surface coated particles. The particles were 
produced by mechano-fusion (Alonso et al., 1989; Pfeffer et al., 2001; 
Tanno, 1990). Top: carrier particle (Al2O3 - DAW-45, Denka) with a 
polystyrene particle coating (Chemisnow SX-350 H, Soken Chemical); 
bottom: carrier particles (Alumina - DAW-05, Denka) coated with 
PMMA (Chemisnow MP2801, Soken Chemical) (Friebel et al., 2024).
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overall mass mtotal and the area of that class, which now 
involves two dimensions, Δxi for the property x and Δyj for 
the property y:
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The width of the property classes is the difference be-
tween the upper and lower limits for each property:
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Using dx and dy for the size of the classes, the two- 
dimensional property distribution can be written in a differ-
ential form as well:
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The normalization condition that the sum or the integral 

of a density distribution is equal to one is also valid for the 
two- and multidimensional cases. In the two-dimensional 
case, the density distribution has to be summed up over 
both x and y:
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The definition range of a two-dimensional property dis-
tribution describes a defined area in the x-y-plane. Outside 
this area, the density distribution is by definition:
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The cumulative sum is calculated via summing up or 
integrating the density distribution from the minimal val-
ues xmin and ymin up to a point (x, y):
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For the two-dimensional case, the cumulative sum is 
zero when both properties are below their minimal values 
and is 1 if both properties are above their maximum value:
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For better visualization heat plots, which project the 
third dimension, i.e., the numerical value of the distribu-
tion, in a color code, should be used instead of the 3D-plots 
(Fig. 6). For example, Fig. 7 shows the same two-dimen-
sional data-set (Fig. 6, right) as a heat map. Of course, this 
type of visualization can also be implemented for the den-
sity distribution (Fig. 6, left).

Fig. 5  Schematic representation of the two-dimensional definition of 
property classes for the properties x and y.

Fig. 6  3D-plot of a two-dimensional size-shape-distribution of 56500 particles, measured with the dynamic image analysis system PartAn 3D; left: 
probability density function; right: cumulative sum.
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Marginal distributions are distributions of lower dimen-
sionality. For the exemplary two-dimensional case (x, y), 
the corresponding marginal distributions are the one- 
dimensional distributions of the individual properties x and 
y. These derive from an integration over the other property, 
i.e., for q3(x) derives from q3(x, y) as integration over y in 
the entire variable range ymin to ymax:
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The marginal one-dimensional distributions can be visu-
alized at the individual axis of the heat-plot of the two- 
dimensional distribution (Fig. 7), either as histograms for 
discrete property classes or as smooth functions, when the 
heat plot shows a differential presentation of the distribu-
tion. The latter typically uses an interpolation between the 
property classes or even between the individual data points. 
Suitable interpolation methods are kernel density estima-
tion (Schach et al., 2019) and copulas (Czado, 2019; Furat 
et al., 2019; Joe H., 2014).

2.2	Characteristic particle sizes of the 
multidimensional distribution

One-dimensional particle size distributions are com-
monly described by the median particle size or the modal 
particle size as characteristic values, which are used to 
represent the entire particle size distribution with a single 
parameter, e.g., in empirical models. The identification of 
the modal particle property within the two- or multidimen-
sional property distribution is quite simple, since the modal 
property is the peak in the 3D plot, i.e., the element of the 
multidimensional property matrix (Fig. 5) with the highest 
numerical value. Regarding the complexity of the multidi-

mensional property distributions, multimodal distributions 
(with several distinct peaks) are expected to occur much 
more frequently than in the one-dimensional case.

The definition of the median particle property requires a 
detailed view of the distribution itself. In the two- 
dimensional case, there is an isoline, which contains all 
points that split the particle system into two fractions of 
same quantity. For example, in Fig. 8, which shows the 
distribution by number, 50 % of the particles derive from a 
fraction with an aspect ratio below 0.63 and particle- 
equivalent diameter below 350 μm; however, 50 % of par-
ticles are also contained in the fraction of particles below 
an aspect ratio of 0.8 and a particle-equivalent diameter of 
230 μm and smaller. The isoline itself cannot serve as one 
single characteristic parameter, but it is clear that the me-
dian of the cumulative sum of this particle system is located 
on this isoline. For the definition of the median particle size 
of a two-dimensional particle property distribution, we 
look at the intercept of the marginal property distributions. 
The median (x50, y50) is the point which fulfills the follow-
ing two conditions:

1.	50 % of the particles originate from particles below 
this size, which is the x50 of the marginal size distribu-
tion.

2.	50 % of the particles originate from particles below 
this shape factor, which is the y50 of the marginal 
shape distribution.

Looking at the heat plot with the curved and monotoni-
cally decreasing isoline (Fig. 8), the median represents in 
the two-dimensional case the point that creates the rectan-
gle having the maximum area A. Thus, the median (x50, y50) 
additionally fulfills the following condition:

  
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Fig. 7  Two-dimensional plot of the cumulative sum (mass-weighted), 
also displaying the discrete particles’ data points. The outer one- 
dimensional distributions are the corresponding marginal distributions 
for size x and aspect ratio y = w/l.

Fig. 8  Cumulative sum distribution showing the isolines for 5 %, 
50 %, and 95 %. Visualization of the median particle size (x50, y50) as the 
intercept of the median values of the marginal distributions.
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3.	 Fundamentals of mixing and separation of 
multidimensionally distributed particle 
systems

Having defined the multidimensional property distribu-
tion, it has to be investigated how they can be used to de-
scribe particle-based processes.

3.1 Mixing of particle collectives
The mixing of two or more multidimensionally distrib-

uted particle systems still follows a simple mass balance, 
e.g., for the mixture of two samples:
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m m m    
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Using the relative mass ν, i.e., the mass fraction, allows 
for a normalized discussion of the mixing process, where 
all relative masses νi sum up to one:
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The resulting probability density distribution of the mix-
ture can then be calculated from the density distributions of 
the individual samples:
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It has to be stated that it is only possible to mix particle 
property distributions of the same dimension, i.e., the parti-
cle property distribution of the mixture will have the di-
mensions of the particle property distribution with the 
lowest dimensionality.

When a three-dimensional property distribution is mixed 
with a two-dimensional distribution, the three-dimensional 
distribution has to be marginalized to a two-dimensional 
distribution prior to the calculation of the mixing process. 
Consider, for example, a dataset in which a multidimen-
sional distribution of particle size, shape, and density is 
known. For the second product, density was not determined 
explicitly. In calculating the probability density of the re-
sulting mixture, the information on density is lost. The 
marginalization therefore leads to a loss in information, 
which cannot be reversed later on, unless the resulting dis-
tributions are measured again.

The generalized form, which describes the mixing of n 
different distributions with the dimensionality m, is the 
weighted sum of the n distributions:
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3.2	Multidimensional separation function / Tromp 
curve

A multidimensional separation is defined as a separation 
according to more than one property. Independent of the 
dimensionality of the feed, the separation step creates two 
product fractions that vary in more than one property. Since 
this separation is not only a separation according to size 
parameters, the nomenclature of “concentrate” (c; mass 
fraction of concentrate) and “reject” (r; mass fraction of 
retentate) is used for the two product fractions, the first 
containing the product (valuable material), the latter con-
taining particles of lesser interest. The indices are derived 
from the sorting nomenclature with C for “concentrate” 
and R for “refuse” or “reject”. Correspondingly, the index 
S is used for the feed material (“supply”) (c.f. ISO 9276-4).

As an example, for the two-dimensional case, the mass 
balance of the distribution densities can be written using 
the corresponding mass fractions:
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The correlation of the integral mass balance and the 
class-wise mass balance allows for the recalculation of the 
concentrate and reject mass fractions using the data from 
the three density distributions involved in the separation, 
i.e., supply, concentrate, and reject:
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The separation function T indicates the probability 
whether a particle will be transferred to the concentrate or 
stay in the reject. The separation function T is defined in the 
interval [0, 1]. If the function equals T = 1, then the feed 
with these properties is entirely discharged into the concen-
trate. If it equals to T = 0, the concentrate fraction contains 
no particles from the feed in that area, and all feed material 
is discharged into the reject. Values of the separation func-
tion between 0 and 1 are a measure of the probability of the 
feed material ending up in the concentrate in a specific in-
terval.

Since the degree of separation is the fraction of the parti-
cle mass in each class (i, j) that passes into the concentrate 
fraction, it can also be calculated from the respective distri-
bution densities for the two-dimensional case. The calcula-
tion of the degree of separation for the higher-dimensional 
cases requires three discrete pieces of information, either 
all three property distributions of feed (s), concentrate (c) 
and reject (r), or two property distributions and a mass ratio 
c or r.

Like the one-dimensional separation functions, the mul-
tidimensional separation function has a definition range in 
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which they can take values between 0 and 1, in which the 
separation is subject to a degree of uncertainty. This defini-
tion range is for T(x, y) in the range between xmin and xmax 
as well as between ymin and ymax. However, individual 
classes in this two-dimensional area can take the values 0 
or 1, because for them a complete separation into concen-
trate or reject can occur. Furthermore, the calculation of 
T(x, y) can give values outside the definition range of 0 and 
1. The reason for such values is, in most cases an erroneous 
balance between the products and the feed material. An 
appropriate mass balance of the particle classes might be 
necessary to obtain reasonable results as e.g., proposed by 
Lamberg et al. (Lamberg and Vianna, 2007). Furthermore, 
balances can be biased due to analytical errors, which 
might require a correction of the results (Buchmann et al., 
2018).

If one defines the two-dimensional separation function 
on the basis of the associated two-dimensional density dis-
tributions of feed material and concentrate and the mass 
balance, it leads to the separation function TSC(x, y):
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Using the mass balance to replace c qC(x, y) with qS(x, y) 
– r qR(x, y), a different definition of the separation function 
is obtained, which uses the information of the reject and 
feed material:
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The marginal separation function is a lower-dimensional 
separation function of a multidimensional separation func-
tion. For the two-dimensional case, the one-dimensional 
separation function, i.e., a Tromp curve, is the correspond-
ing marginal separation function. For each two- 
dimensional partition function there are two marginal dis-
tributions, each of which represents the one-dimensional 
partition function with respect to the associated property:
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4. Separation functions
Before discussing the model cases of multidimensional 

separation, the one-dimensional separation function 
(Tromp curve) for a classification step is depicted in Fig. 9 
(left). The graph shows the distribution of the fine (f) and 
coarse (c) material, weighted by the mass split of the sepa-
ration, the resulting Tromp curve with a typical sigmoidal 
shape and the separation cut size (xT).

Because it will be an effect in the following discussion, 
Fig. 9 (right) shows a Tromp curve that exhibits the well-
known fishhook, starting at values greater than 0. There are 
different explanations for such a process behavior, includ-
ing, e.g., entrainment, adhesion of fine particles on coarse 
particles or measurement errors (Bourgeois and Majumder, 
2013; Nageswararao, 2000).

4.1 Examples of separation functions
Buchwald et al. (2023) discussed the deduction of the 

two-dimensional separation function for a virtually sepa-
rated particle system, where the particle-discrete data on 
the equivalent particle diameter and the shape factor aspect 
ratio were known. In that paper, the dataset coming from a 
dynamic image analysis (PartAn 3D) was presented as a 
mass distribution with a low resolution using 6 × 6 prop-
erty classes. Increasing the resolution to 50 × 50 property 
classes provides a smoother view of the same dataset and 
allows for a more accurate description of the separation 
function with isolines. Furthermore, some special details of 
the separation become visible, e.g., the two-dimensional 
equivalent of the fishhook effect.

4.2 Model cases of separation
To evaluate and classify a two- or higher-dimensional 

separation function, it is necessary to discuss the model 
cases of a two-dimensional separation (Fig. 10). Starting 
with the presentation of the ideal one-dimensional separa-
tion in the two-dimensional plot, the heat plot shows either 

Fig. 9  Two one-dimensional separation functions for size separations (classifications) with the underlying density functions of both the fine and the 
coarse fractions. The density functions have been multiplied by the respective mass fraction to better represent the mass share graphically. Left: ideal 
separation function of sigmoidal shape; right: separation function with “fishhook”.
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a horizontal (Fig. 10, upper left) for a separation only ac-
cording to the particle aspect ratio, with the reject at the 
bottom and the concentrate on the top, or a vertical isoline 
for the separation (Fig. 10, upper right) with the reject on 
the left and the concentrate on the right. Because the sepa-
ration is only due to a single parameter, the marginal sepa-
ration function of this parameter will show the step 
function of an ideal separation function, whereas the other 
marginal separation function will exhibit the behavior of 
ideal splitting with a constant value over the entire param-
eter range.

A perfectly sharp separation that involves both parame-
ters separates the parameter field into two areas of concen-
trate and reject (Fig. 10, lower left). The concentrate is 
situated in the upper right part of the plot, whereas the re-
ject is found in the lower left. Even though the two- 
dimensional separation function shows a perfectly steep 
increase, the marginal one-dimensional separation func-
tions show imperfectness: both marginal separation func-
tions increase from a starting value above zero and reach 
one within the definition range of the particle property dis-

tribution. This effect can be described as fishhook, as 
briefly explained in Section 3.2. The multidimensional 
case in Fig. 10 shows that fishhook effects in the one- 
dimensional margin distributions might be caused by an 
underlying multidimensional behavior. This effect can be 
found, e.g., for separation processes in fluid flows, in 
which, in addition to size and shape, the particle density has 
an impact on the particle process response.

The case of perfect splitting (Fig. 10, lower right), 
where feed, concentrate, and reject have an identical parti-
cle property distribution, results in a homogenous color 
over the entire definition range of the separation function in 
the heat plot.

4.3 Application of model cases
Particles were analyzed by dynamic image analysis in 

the PartAn 3D (now Camsizer 3D) by Microtrac. The de-
vice tracks particles while they fall through the measuring 
window, which allows for a recreation of the 3D appear-
ance of the particle from several rotated views. In contrast 
to conventional dynamic image analysis, which solely 

Fig. 10  Ideal cases of the two-dimensional separation function for the parameters x (size) and y = w/l (aspect ratio); upper left: ideal one-dimensional 
separation according to aspect ratio; upper right: ideal one-dimensional separation according to particle size; lower left: two-dimensional separation 
according to a linear combination of both parameters; lower right: ideal splitting without any influence of either size or aspect ratio.
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measures 2D projection areas of particles, this technique 
has the advantage of providing true volume and shape data 
for each particle.

The feed particle system (Fig. 11) shows a wide distribu-
tion of the particles in the definition range of size and 
shape. The distribution will be separated one- and multidi-
mensionally.

4.4 Separation according to size
The separation according to size is virtually generated 

using a certain imperfection that leads to an interstitial re-
gime and a certain spread of the separation function 
(Fig. 12). For the example given in Fig. 13, the marginal 
size fractions of concentrate and reject overlap in the size 
range between 200 μm and 300 μm.

The resulting separation function (Fig. 12) principally 
behaves like the model case for the separation according to 
size, showing a vertical slope. In addition to the median 
isoline, two further isolines are plotted, which represent the 
25 % and 75 % values of the separation function. Looking 
at the marginal separation function, the function for size 
separation shows the known s-shaped form of a Tromp 
curve, whereas the function for shape separation in the real 
case is widely distributed and differs considerably from the 
ideal split behavior, which is due to a certain size depen-
dency of the shape factor in the feed material.

4.5 Separation according to shape
The separation of the feed distribution according to 

shape generates a concentrate with higher aspect ratio and 
a reject with lower aspect ratio. The marginal distributions 
of the particle shape overlap for aspect ratios between 0.5 
and 0.6. The marginal distributions in size appear to be 
quite similar (Fig. 14).

The resulting two-dimensional separation function 
(Fig. 15) shows a horizontal median isoline at an aspect 
ratio of approximately 0.55. The marginal separation  

Fig. 11  Feed particle system discussed virtually separated in the 
model cases described in the text.

Fig. 12  Separation function for a one-dimensional separation accord-
ing to size. The separation function is calculated from the probability 
distributions in Figs. 11 and 12. Isolines display a separation degree of 
25 %, 50 %, and 75 %.

Fig. 13  Particle property distributions for the ideal separation according to particle size; left: reject; right: concentrate. The distributions sum to the 
feed displayed in Fig. 10.
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function for the aspect ratio shows the typical S-shape. The 
marginal separation function for the size separation has a 
quite high value of about 0.85 in the interval from 200 μm 
to 400 μm, indicating that only 15 % of the particles in this 
size class will end up in the reject. This result is due to the 
correlation between size and shape in the feed particle 
property distribution. In this size range, the size separation 
can be described as ideal split; however, above 400 μm the 
marginal separation function for size drops to below 0.5. In 
this size range the shape distribution of the particles 
changes and more particles will end up in the concentrate. 
The two-dimensional separation function also shows a 
second median isoline in the upper right corner, which is 
the two-dimensional analogion of the (one-dimensional) 
fishhook effect.

4.6	Two-step separation according to size and 
shape in series

In particle processing, the processing of a particle stream 
often involves several process steps in series to generate 
the required specifications of the particle system. When 
separation according to size and shape is performed in se-
ries, the final product, i.e., the concentrate, will contain all 
particles above a certain particle size and having an aspect 
ratio above a certain threshold (Fig. 16, left). The reject 
will contain all other particles.

The resulting separation function (Fig. 17) is the super-
position of the two individual separation functions for the 
size and shape separation steps. The superposition gener-
ates a separation function that eliminates the upper right 
corner of the two-dimensional feed distribution. Due to this 
positioning of the two-dimensional function, the marginal 
separation functions appear to be quite imperfect. Both 
show an S-shaped increase near their individual threshold 
value, but this increase does not reach the value of 1, which 
is due to the fact that each particle has to fulfill two condi-
tions to belong in the concentrate. Large particles with a 
small aspect ratio and small particles with high aspect ratio 
will therefore end up in the reject, making the one- 
dimensional separation functions never reach the value  
of 1.

4.7	Two-dimensional simultaneous separation 
according to size and shape

Most separation apparatuses will not separate particles 
according to a single feature. A real two-dimensional sepa-
ration occurs when the combination of two or more fea-
tures determines the separation result, i.e., when more than 
one properties become a separation feature in the separation 
process. The separation function can then have any geo-
metrical appearance in the two- or multidimensional plot.

In the two-dimensional example, the concentrate  

Fig. 14  Particle property distributions for the ideal separation according to particle shape; left: reject; right: concentrate. The distributions sum to 
the feed displayed in Fig. 11.

Fig. 15  Separation function for a separation according to particle 
shape, derived from the probability distributions of concentrate and feed 
in Fig. 14 and Fig. 11, respectively. Isolines display a separation degree 
of 25 %, 50 %, and 75 %.
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contains larger particles with a higher aspect ratio (Fig. 18). 
The appearance of particles in the concentrate with a lower 
aspect ratio increases with increasing particle size.

The two-dimensional separation (Fig. 19) shows several 
effects. Firstly, because the median separation isoline has a 
certain slope, the two-dimensional function is influenced 
by both parameters: size and aspect ratio. Secondly, the 
distance between the isolines for the separation degrees of 
25 %, 50 %, and 75 % is not constant; thus, the local sharp-
ness of the separation is not constant within the definition 
range of the separation function.

The marginal separation function for particle size looks 
very much like a normal one-dimensional size separation. 
It is therefore not always apparent from one-dimensional 
separation functions, if there is an influence of another pa-
rameter. In contrast, the marginal separation function for 
aspect ratio looks very much nonideal, hinting at the effect 
of another parameter.

In the upper right corner of the diagram, the separation 
function decreases and does not have a value of 1. This can 

Fig. 16  Particle property distributions of concentrate (left) and reject (right) for a two-step separation according to size and shape, one after the other.

Fig. 17  Separation function of a two-step separation consisting of a 
first separation according to size and a second separation step according 
to shape, i.e., aspect ratio. Isolines display a separation degree of 25 %, 
50 %, and 75 %.

Fig. 18  Reject (left) and concentrate (right) fractions for a (single step) multidimensional separation that depends on both particle shape and size.
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be a real property related to a decrease in the separation 
efficiency or an artifact, which derives from the fact that in 
that region the particle property distribution only contains a 
very small number of particles or does even contain no 
particles. The uncertainty of the separation function is also 
low in the lower right corner (large particle sizes and low 
aspect ratio), since that region does not contain many parti-
cles.

5.	 Application examples: two- and multi-
dimensional separation

5.1	Analysis of the performance of an air classifier 
for lithium battery recycling

An air classifier, as described by Kaas A. et al. (2022), 
was used to separate different material fractions from the 
recycling process of lithium-ion batteries. The mechanical 
recycling route results in cathode and anode foils being 
separated from other material fractions like cell housing, 
wiring, and separator foil (Werner et al., 2022). The result-
ing fractions from the separation experiments were ana-
lyzed using an RGB-camera system and two-dimensional 
image analysis techniques. The air classifier in this step 
was supposed to generate at different gas velocities several 

material fractions out of the crushed battery cell, where 
besides the electrode coatings, aluminum and copper are 
the main valuable materials (Kaas et al., 2023).

Fig. 20 shows the resulting two-dimensional partition 
curves for particle size and shape, taking solely aluminum 
and copper or all fractions into account. From the first par-
tition curve, aluminum results in the concentrate fraction 
within a specific variable area in the heat plot with rela-
tively coarse, slightly compacted or platy particles. The 
smaller, more compacted particles are aluminum housing 
particles (Fig. 20, left). From the second partition curve 
(Fig. 20, middle), it can be seen that copper reports to the 
concentrate over a wide variable area of size and shape, 
including small compacted particles and coarse particles 
with low circularity. The last map (Fig. 20, right) shows 
the overall partition values weighted by the general particle 
area. It can be found that particles, in general, report to the 
concentrate at a particle size of > 40 mm and a circularity 
of < 0.6. In summary, the graphs show that separating 
shredded and compacted aluminum and copper foils as one 
of the main separation tasks in battery recycling can be 
successfully conducted using an air classifier. However, 
small copper particles with a low circularity are problem-
atic, as they are recovered into the reject product stream. 
Actually, the dataset reflects a separation of a higher di-
mensionality than two-dimensional, since particle size, 
particle shape, and material composition are involved. To 
allow a consistent presentation of the results, no three- 
dimensional heat plots are used here.

5.2 Froth flotation
Froth flotation is a well-established and efficient pro-

cessing technique for the separation of fine particle frac-
tions. The method has gained attention in recycling 
applications recently (Vanderbruggen et al., 2021). It relies 
on the difference in particle wettability, i.e., hydrophobic 
particles attach to gas bubbles and are recovered in the 
froth, whereas hydrophilic particles remain suspended. 
Because of the complex interactions between the particles 
and the bubbles, further properties such as particle size, 
particle shape (Chen et al., 2022; Hassas et al., 2016; Koh 

Fig. 19  Separation function for a single step two-dimensional separa-
tion, with both particle shape and particle size having an effect on the 
separation process.

Fig. 20  Separation of crushed battery debris particles in a zig-zag air classifier; left separation function for aluminum; middle separation function 
for copper; right separation function for all materials.
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et al., 2009; Verrelli et al., 2014; Wang et al., 2015; Xia, 
2017), morphology, or composition affect the separation 
process as well. Therefore, generally speaking, the separa-
tion function of flotation is multidimensional. The size de-
pendence of flotation is caused by inefficient particle 
attachment due to the lack of inertia for fine particles (ap-
prox. < 10 μm) and caused by high particle detachment 
rates for coarse particles (approx. −>200 μm). Although 
this size dependence can be found for all material systems, 
the optimal particle size for flotation depends on additional 
properties such as particle density (Farrokhpay et al., 2021; 
Hassanzadeh et al., 2022).

The modified flotation cell used in this study was de-
signed specifically for the separation of particles below 
10 μm. It combines the advantages of a mechanical flota-
tion cell with a high particle-bubble collision rate (thus a 
high recovery) with those from a flotation column with a 
secondary fractionating effect due to its deep froth (thus a 
high grade). A schematic drawing of the newly designed 
MultiDimFlot cell is presented in Fig. 21, and more de-
tailed information can be found in literature (Wilhelm et 
al., 2023).

To investigate the influence of specific particle proper-
ties on the separation process, tailored mixtures of particle 
fractions with defined properties are used to evaluate, e.g., 
the influence of particle shape and size on the separation 
efficiency in flotation. The mixture consists of either glass 
spheres or glass fragments as the floatable particle fraction 
mixed with magnetite as the non-floatable particle fraction. 
The wettability of the glass particles is modified via an es-
terification reaction with alcohols before flotation, thus re-
sulting in glass particles with defined wettability states 
(C0—hydrophilic, C6—mildly hydrophobic, C10—
strongly hydrophobic) (Sygusch and Rudolph, 2021).

Because of the detailed characterization of the separation 
products, which involves. XRF (X-ray fluorescence), SEM, 

and SEM–EDX, information on particle size, shape and 
composition is available.

The separation results are plotted for the different parti-
cle systems as two-dimensional heat plots, highlighting 
particle-equivalent diameter and aspect ratio as the main 
particle parameters, since these are available per particle, 
i.e., particle-discrete in Fig. 22. The further parameters, the 
surface energy, i.e., the wetting properties of the glass, and 
the predominant particle shape are investigated and pre-
sented as a parameter study. The multidimensional separa-
tion functions differ between the spherical and the irregular 
glass particles significantly. The definition range, where the 
separation function has the value of one, i.e., where the 
particles are transferred to the concentrate, is larger for the 

Fig. 21  Schematic drawing of the newly designed MultiDimFlot sepa-
ration apparatus combining mechanical and column flotation. Adapted 
from Ref. (Sygusch et al., 2023) under the terms of the CC-BY 4.0 li-
cense. Copyright: (2023) The Authors, published by MDPI (Basel, 
Switzerland).

Fig. 22  Two-dimensional separation functions showing the combined influence of the shape (aspect ratio) and size (area-equivalent diameter) on the 
separation process; upper row: glass spheres and lower row: glass fragments. The hydrophobicity of the used glass particles increases from left to 
right (C0 = hydrophilic, C6 = mildly hydrophobic, C10 = strongly hydrophobic). Adapted from Ref. (Frank et al., 2023) under the terms of the CC-BY 
4.0 license. Copyright: (2023) The Authors, published by MDPI (Basel, Switzerland).
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predominant spherical shape of the feed (Fig. 22). The in-
fluence of the particle hydrophobicity is revealed when 
comparing separation functions of the same row, i.e 
spheres-C0 vs. spheres-C6 vs. spheres-C10, as the hydro-
phobicity of the glass particles increases from left to right 
in Fig. 22. It becomes visible that the sharpness of the 
separation increases along with the hydrophobicity of the 
spherical glass particles.

5.3	Beneficiation of a tin-bearing complex skarn 
ore

Recently, multiple research consortia have explored the 
extraction and beneficiation of the polymetallic Tellerhäuser 
deposit in Germany’s Erzgebirge area (Werner and Axel, 
2012). The deposit contains iron oxides, valuable sulfide 
minerals, and cassiterite, a crucial tin-bearing mineral that 
plays a significant role in its economic feasibility. Because 
of the high specific density of cassiterite (approx. 7 g/cm3), 
gravity separation is one of the most critical processing 
steps in a possible beneficiation flowsheet, whereas the 
significant content of iron oxides in the ore is separated by 
magnetic separation. Gravity separation tests for ore sam-
ples obtained from the Tellerhäuser deposit were performed 
on a laboratory scale using a falcon density separator. In a 
pilot plant test with 140 t of material, a drum-type magnetic 
separator was used to produce a magnetic concentrate.

Furthermore, a shaking table was used to separate cassit-
erite from lighter mineral phases (Pereira et al., 2021). For 
all cases, including the falcon separator, the shaking table 
and the drum-type magnetic separator, samples of the prod-
ucts were investigated using MLA, allowing for parti-
cle-based analysis of the separation process by calculating 
two-dimensional distributions based on kernel density esti-
mates. All three separation processes will be discussed in 
the following sections, showcasing the application of 
two-dimensional partition curves. The data for the pro-
cesses described here are available online (Schach et al., 
2021).

5.3.1 Magnetic separation in the pilot plant
In most magnetic separators, the electromagnetic charac-

teristics of a particle collective are superposed by the parti-
cle mass (Oberteuffer, 1974; Oder, 1976; Svoboda and 
Fujita, 2003). Separation of the iron oxide phases is essen-
tial to achieve a high-quality cassiterite concentrate 
(Buchmann et al., 2018). The iron oxides present in the ore 
primarily consist of magnetite and hematite (Kern et al., 
2019). Even though MLA can distinguish between magne-
tite and hematite using backscattered electron values 
(Figueroa et al., 2012), it cannot be employed in this 
study’s ore because of fluctuations in BSE values caused by 
varying amounts of Sn and other elements in the crystal 
lattice (Kern et al., 2018). As a consequence of the inability 
to easily differentiate between the iron oxide phases, the 

magnetic susceptibility of the particles cannot be calcu-
lated, and the iron oxide content in the particles is used as a 
proxy for the separation property.

A weak wet drum-type separator was installed in the pi-
lot plant. The diameter of the drum was 900 mm at a drum 
width of 300 mm. During operation, the volume flow of the 
feed suspension was adjusted to 1.5 m3/h with a solid con-
tent of 0.2 kg/m3, and the drum speed was set to 18 rpm. 
The partition curve based on the MLA data is depicted in 
Fig. 23. The graph shows that coarse particles (> 150 μm) 
with an iron oxide content of more than 0.2–0.3 report to 
the magnetic concentrate. At smaller particle sizes, the 
threshold content of iron oxides within a particle to be re-
covered into the magnetic product increases. At particle 
sizes below 50 μm, the separation becomes unsharp even at 
high iron oxide contents of 0.6–0.8, which is indicated by 
T-values in the range of 0.4–0.6.

This behavior might be explained by fine hematite parti-
cles in the ore that do not respond to the drum-type separa-
tor’s relatively low magnetic field density and gradient. 
Another explanation could be an inefficient extraction at 
such fine particle sizes due to agglomeration or slime- 
coating effects.

5.3.2 Gravity separation on a shaking table
Gravity separation technologies, with the exception of 

dense media separation, are fundamentally multidimen-
sional separation processes, where the effects of density, 
particle size, and particle shape often influence the separa-
tion efficiency (Burt and Mills, 1984), since drag forces and 
field forces interact. Density separation in this example was 
realized using a shaking table that produced four streams: 
one product stream with a high content of liberated dense 
cassiterite, iron oxides, and arsenopyrite (Product 1), a 
product stream mainly comprising iron oxides but also 
significant amounts of cassiterite (Product 2), a middling 
stream containing intergrown cassiterite, and finally a tail-
ing stream consisting of light mineral phases such as sili-
cates.

Fig. 23  Two-dimensional partition curve for the magnetic separation 
of a cassiterite ore.
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The particles on the shaking table are separated by den-
sity and size along the width of the table, with small and 
heavy particles collected at one end of the separator fol-
lowed by heavy-coarse particles and small-light particles 
contained in the middle of the shaking table. On the other 
end of the table, coarse-light particles are collected (Wills 
and Finch, 2016). The dimensions of the shaking table used 
in the pilot test is 3500 × 1500 mm. The volume flows of 
the feed suspension and the wash water were 0.3 m3/h and 
1.3 m3/h, respectively, and the solid content of the feed 
suspension was 700 kg/m3.

Fig. 24 shows a schematic of the used shaking table and 
the obtained streams. Based on MLA analysis, a mass-
weighted distribution over particle density and particle size 
is plotted in Fig. 25. It is noteworthy that, especially prom-
inent for the two product streams, the distribution shows 
distinct lines at certain density values representing the re-
spective liberated mineral phases, e.g., cassiterite with a 
density of about 7 g/cm3, iron oxides with a density of 
4–5 g/cm3, and arsenopyrite with a density of around 
6 g/cm3. Whereas product 1 mainly comprises particles 
below 100 μm with a significant concentration of cassiter-
ite particles, product 2 mainly contains iron oxide particles 
in larger size fractions. For the feed, middling and tailing 
stream, particles are distributed over a wider size range at 
low particle densities indicating light mineral phases such 
as silicates.

For the calculation of the two-dimensional Tromp curve 

depicted in Fig. 26, product 1 was defined as concentrate 
stream and all other products were summarized as the re-
ject. The graph shows that the shaking table has a cut point 
within the density range of 4–5 g/cm3.

However, at particle sizes below 25 μm, particles have a 
high probability to be recovered in the tailing stream inde-
pendent of their density. For particles within this size 
range, the shaking table is not able to effectively separate 
the minerals according to density and as a consequence fine 
cassiterite is lost in the reject in this application. Due to the 
brittle nature of cassiterite and its favorable enrichment in 
fine particle fractions, this behavior leads to unwanted 
losses of fine cassiterite.

5.4 Gravity separation in a Falcon separator
Gravity separation at laboratory scale with a Falcon 

Separator (Falcon L40 concentrator, Fig. 27) was used with 
500 g ore samples as feed material and a water flow of  
5 l/min. The riffled bowl of the separator rotated at a speed 
of 2300 rpm. Due to the resulting gravitational force, the 
heavy material was deposited in the riffles of the separator 
and scraped off at the end of the test. The light tailing ma-
terial was discharged continuously.

The resulting partition curve (Schach et al., 2019) for the 
falcon separator is presented in Fig. 28. Both particle  

Shaking Table

Middlings

Tailings

to Mill

Product 1 and 2

Fig. 24  Schematic of the shaking table with the respective product 
streams.

Fig. 25  Distributions for the feed and output streams of the shaking table over particle size and density.

Fig. 26  Partition map for the shaking table over density and size defin-
ing product 1 as concentrate and the remaining streams as reject, tailing 
stream respectively.
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properties—density and size—influence the partition of 
particles (Rao et al., 2003). It can be concluded that the 
separation process is rather dependent on the particle mass, 
resulting in higher inertia during separation, than solely on 
particle density or particle size (Nayak et al., 2021). Below 
a particle size in the range of 20–30 μm, the partition re-
mains low for all density values. In this size range, the 
separation device cannot effectively separate cassiterite 
from the light minerals due to, e.g., slime coating of the fine 
cassiterite particles on coarser silica particles. Here, the 
drag forces determine the movement of all particles.

5.5 Aerodynamic lens
A classifying aerodynamic lens can be used to fraction-

ate aerosols by particle size and particle density at the same 
time (Kiesler et al., 2019; Wang et al., 2005a, 2005b). The 
window of application of such a separation system depends 
on the flow regime and the geometry of the lens itself and 
is located in the upper nm range. The operation parameters 

allow the tailoring of the separation function, i.e., the prod-
uct received as concentrate.

Classifying aerodynamic lenses are orifices that constrict 
aerosol flow through a radially symmetric pipe. If the flow 
is laminar, and the starting position of a particle upstream 
of the lens is known, the end position downstream of the 
lens is a function of its specific relaxation time. Therefore, 
the feed is injected at a defined central position. The relax-
ation time is a function of different parameters, such as the 
pressure upstream of the lens, the flow rate through the 
lens, and the lens diameter, and it further depends on the 
particle properties, e.g., the particle size, shape, and den-
sity. In the setup discussed in Furat et al. (2020), the aerosol 
particles are injected into a laminar sheath gas flow at an 
off-axis position. Extracting aerosol downstream of the 
lens at a central position gives the separating aerodynamic 
lens a differential transfer characteristic, where only parti-
cles within a small range of particle properties such as size 
and solid density are collected. This becomes clearly visi-
ble in the two-dimensional plot for the separation function 
(Fig. 29), which has only a small and defined area of parti-
cle properties, where the separation function is one.

5.6 Hydrocyclone
The two-dimensional separation for plate-shaped parti-

cles having different aspect ratios has been discussed by 
Frank et al. for a hydrocyclone (Frank et al., 2023). The 
particle shape is assumed to be a flat regular cylinder with 
diameter d and thickness l. The separation efficiency pre-
sented uses a theoretical model that contains the shape de-
pendency by taking its dependency on the drag force into 
account. The separation function (Fig. 30) based on this 
model shows over a long range of the thickness l of the 
plates only a dependence on the particle diameter d, result-
ing in a vertical isoline similar to the discussion of the re-
spective ideal one-dimensional case in Fig. 9. The 
separation becomes two-dimensional with decreasing  

Fig. 27  Falcon separator: (a) experimental set up; (b) inner riffled bowl 
without material; (c) riffles filled with heavy material.

Fig. 28  Two-dimensional partition curve for the gravity separation via 
falcon concentrator. The line represents the cut function fitted to the 
points with a partition value of 50 %, displayed as points in the graph. 
Adapted with permission from Ref. (Schach et al., 2019). Copyright: 
(2019) Elsevier B.V.

Fig. 29  Two-dimensional separation function of an aerodynamic lens. 
Adapted with permission from Ref. (Furat et al., 2020). Copyright: 
(2020) Elsevier B.V.
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particle thickness. Below about 1 μm there is a significant 
dependency of the separation function on both parameters: 
diameter and plate thickness, which is indicated by a devi-
ation of the isoline from the ideal behavior of the one- 
dimensional case. Nevertheless, it can be stated that the 
hydrocyclone described by this model is predominantly a 
classification apparatus with only small capacities in two- 
or multidimensional separation. The effect of particle shape 
on the separation is not pronounced for the range of particle 
dimensions investigated. This might change for coarser 
particles. Real experiments to validate this model approach 
are still lacking.

5.7 Disc-stack centrifuge
Applying theoretical models for the separation efficiency 

by sedimentation, Frank et al. generated a two-dimensional 
separation function for a disc-stack centrifuge (Fig. 31) 
(Frank et al., 2023). As it is fundamentally known that the 
sedimentation velocity depends on the particle-equivalent 

diameter to the square as well as to the particle density 
difference between carrier media and solids, the multidi-
mensional separation probability can be plotted using these 
two influencing parameters. The results show a slight neg-
ative slope of the 50 % isoline in the separation function, 
which states that separation by size is the predominant ef-
fect and there is only a smaller influence of the particle 
density in this machine. Thus, the sedimentation in the 
disc-stack centrifuge still is a classification process with a 
certain contribution of the effect of equal settling velocity 
for small dense and large light particles.

5.8 High-gradient magnetic separation
Three commercially available, rare-earth-doped lamp 

phosphor particle collectives obtained from Leuchtstoffwerk 
Breitungen GmbH (Breitungen, Germany) were used. 
These included a cerium/terbium-doped lanthanum phos-
phate (LaPO4:Ce3+, Tb3+, LAP), a europium-doped barium 
magnesium aluminate (BaMgAl10O17:Eu2+, BAM), and a 
europium-doped yttrium oxide (Y2O3:Eu3+, YOX). Due to 
their rare earth content, the particles exhibit paramagnetic 
properties, with LAP having the highest magnetic suscepti-
bility at 3.69 × 10–3, followed by BAM at 1.19 × 10–3 and 
YOX at 0.516 × 10–3. Their use as illuminants and the asso-
ciated fluorescence of the compounds allowed for quantita-
tive analysis through fluorimetry.

For conducting fractionation experiments of the particle 
mixture, a fast protein liquid chromatography (FPLC) sys-
tem (ÄKTA purifier, Cytiva, Buckinghamshire, UK) 
equipped with polyetheretherketone (PEEK) tubing was 
employed. The schematic flow diagram in Fig. 32 illus-
trates the process of magnetic field-controlled chromatog-
raphy. A defined mixture of low salt (1a) and high salt (1b) 
buffer was pumped into the system, mixed (2), and injec-
tion pulses (V = 0.5 mL) were introduced to the fluid 
stream through an injection loop and valve (3). The mobile 
phase, along with the injected particle suspension, flowed 
onto the column, which was surrounded by an external 
magnetic field source (4) connected to a power supply (5). 
The effluent was then collected and separated into distinct 

Fig. 30  Theoretically deducted two-dimensional separation function 
for the separation of plate shaped cylindrical particles in a hydrocyclone. 
Adapted from Ref. (Frank et al., 2023) under the terms of the CC-BY 4.0 
license. Copyright: (2023) The Authors, published by MDPI (Basel, 
Switzerland).

Fig. 31  Theoretically deducted two-dimensional separation function 
for the separation of model particles being distributed in size and density 
in a disk-stack centrifuge. Adapted from Ref. (Frank et al., 2023) under 
the terms of the CC-BY 4.0 license. Copyright: (2023) The Authors, 
published by MDPI (Basel, Switzerland). Fig. 32  General flow diagram for the fractionation experiment.
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fractions at the outlet of the column using a fraction collec-
tor (6). Continuous monitoring of the process was per-
formed using an in-line UV/VIS cell at 280 nm.

The magnetic force induced between the paramagnetic 
particles and the magnetized chromatography matrix ele-
ments is influenced by the particle size as well as the intrin-
sic magnetic susceptibilities of the particles and the 
magnetic susceptibility of the surrounding fluid. Conse-
quently, when the susceptibility difference between the 
dispersed and continuous phases decreases, the magnitude 
of the magnetic force diminishes. Therefore, by dissolving 
paramagnetic salts such as manganese(II)-chloride in the 
continuous phase and employing various particle types 
with distinct magnetic susceptibilities, which prevent a 
continuous display of the two-dimensional degree of sepa-
ration (see Fig. 33), it is possible to deliberately adjust the 
magnetic susceptibility difference. However, the solubility 
of the salt in the solution constrains this approach. In the-
ory, by maintaining constant process parameters (such as 
flow rate and magnetic flux intensity), the size fractionation 
result can be altered by adjusting the salt concentration in 
the buffer.

6. Conclusions
Particle separation processes are, in most cases, influ-

enced by multiple particle properties such as size, shape, 
and composition. However, the conventional one- 
dimensional separation function or Tromp curve fails to 
capture the multidimensional distribution of particles and 
their effect on separation. Therefore, it’s crucial to account 
for and define the Tromp curve for the multidimensional 
space. Knowing the multidimensional property distribution 
of feed, concentrate, and reject, it is possible to define and 
express the multidimensional separation function in a for-
mal manner. This separation function has the same dimen-
sionality as the property distributions of the related material 
streams. Furthermore, it is possible to define characteristic 
values for a multidimensional property distribution, like 

the median particle size (x50, y50) and a median isoline, 
where the value of the separation function equals T(x, 
y) = 0.5. Several application examples and the discussion 
of model cases of the two-dimensional separation function 
show that multidimensional separation occurs in many ap-
plications and that it can be described, quantified, and dis-
cussed using the methods shown.

Acknowledgements
This scientific work was mainly financed from projects 

within the Priority Programme 2045 of the German Science 
Foundation (DFG), with the project No. 313858373. Some 
scientific results stem as well from the projects DIGISORT 
(No. 03XP0337A) and AFK (No. 033R128) funded by the 
German Ministry for Education and Research (BMBF).

Nomenclature
A	 area of plot (pixel2)
C	 index for concentrate (-)
c	 mass fraction of concentrate (kg/kg)
cio	 iron oxide content (kg/kg)
dA	 area-equivalent diameter (m)
i	 class index for first parameter (x) (-)
j	 class index for second parameter (y) (-)
m	 mass (kg)
mi	 mass of particle class i (kg)
qr	 density distribution weighted by quantity of dimension r 

(variable)
q3	 volume-/mass-based density distribution (variable)
qres	 sum of density distributions, distribution of mixture 

(variable)
Q3	 volume-/mass-based cumulative sum function (-)
ΔQ3,i,j	 volume-/mass-based fraction of particles in a two- 

dimensional distribution (-)
R	 index for retentate (-)
r	 mass fraction of retentate (kg/kg)
S	 index for supply, feed (-)
T	 separation function, partition value (-)
x	 particle size (equivalent diameter) (m)
xi	 upper particle size of a given class (m)
i
x   

 

[51] 

	 average particle size of a given class (m)
Δxi	 particle size interval of a given class (m)
xmin	 minimum particle size of a distribution (m)
xmax	 maximum particle size of a distribution (m)
y	 second parameter, e.g., shape factor (variable)
μ	 integrating index for first parameter (x) (-)
ν	 mass fraction (kg/kg), integrating index for second pa-

rameter (y) (-)
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